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Chapter (1)

Precalculus Review

1.2 Functions :
Definition (1.10) :  Page (14)

A function f from a setD to a setE is a correspondence that assigns to each elemeraf
D exactly one elemeny of E .

Figure 1.15

e f(w)
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* The elementy of E is the value off at x and is defined byf (X) :

* The setD is thedomain of the function .

* The range off is the subset o consisting of all possible function valued (X ) for x
in D.
* The elementx is calledindependent variabl@and y is calleddependent variable

Notes (1): Page (16)

* The graph of a functionf is the graph of the equationy = f (X) for x in thedomain
of f.
Figure 1.17
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*If f isan even function- that is , if f (—X) —f (X) for every x in the domain of f
— then the graph off is symmetric with respect to theaxis.

*If f isan odd function— that is , if f (—X) =
f — then the graph off is symmetric with respect to thigin .

f (X) for every x in the domain of

ILLUSTRATION:  Page (16)
Function f Graph Symmetric Domain D, Range R
+y
D =|:0,00)
_ none
f(X)_\/; ,_; R:I:O,oo)
AY
y-axis D= (—oo,oo)
f(x)=x’ (over R =[0,)
—"} function)
AY
origin D = (—oo,oo)
-3 dd - (-
i (X) =X / 5 furggtion) R _( oo’oo)
Ay
y-axis D = (—oo,oo)
f(x)=x2"3 _
Q L] e | R=[ow)




AY
origin D = (_°°’°°)
f (X)=Xl/3 o (odd R =(—oo,oo)
X f '
// unction)
Ay
y-axis D = (—oo,oo)
f(Xx)=|X ( _
b)=x] | | R=[0)
Ay
. L origin D =(-,0)U(0,)
" Y j £ furg(c);filgn) R =(==.0U(0.)

Note (2): Page (17)
* Functions that are described by more than one esgsions , as in the next example , are
calledpiecewise-defined functions

Example (3): Page (17)
Sketch the graph of the function f defined as s :

(2x+3 if X <0
f(x)=4 x* if 0<x<2
1 If X 22

Solution



(2x +3 if X <0

f(x)=1 x* if 0<x<2
1 If X2

«1f X <0 then f (X) =2X+ 3 , and the graph of f is part of the line

y =2X + 3, as indicated irFigure 1.18.  The small circle indicates tha(O ,3) is
not on the graph .

*1f 0 <X<2 thenf (X) = X2 , and the graph of f is part of the parabola

y = X2 . Note that(2 ,4) is not on the graph .

*1f X =22 then f (X) =1 , and the graph off is a horizontal half-line with endpoint

(2,1).
Figure 1.18
&

Note (3): Page (18)
* The greatest integer functionf is defined b)f (X) = [[XIl :

If x is areal number , we define the syml[[X ]] as follows :

|IX]] =N , wheren is the greatest integer such thin < X .

Example (4): Page (18)
Sketch the graph of the greatest integer function .

Solution
* The x- andy-coordinates of some points on the graph may beelilsas follows :
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Values of x f (X) = [[Xll
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* Part of the graph is sketched ifrigure 1.19.
Figure 1.19

AY

Notes (4): Page (18)
* The graphs in Figure 1.20 illustrate vertical shiftsof Y = f (X) resulting from

adding a positive constantc to each function value f (X) or subtracting ¢ from

f(x).

Figure 1.20



Vertical shifts, ¢ > 0

Ay
y=fx) +c
L
L .
&—
* Horizontal shiftsare illustrated in Figure 1.21.
Figure 1.21
Horizontal shifts, ¢ > 0
AY
y = flx + c) ¥ =fE 3= -6
if(a) N 1) /@
fe—c > O—-——)-{I-(——c > 00—
L I | >
a. = e a a+ c X
Figure 1.22 Figure 1.23
vertical shifts Horizontal shifts
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Figure 1.24 Figure 1.25
Vertical stretching and compressing Reflection about the x-axis

Notes (5): Page (20)
* Afunction f isa polynomial functionif f (X ) is a polynomial — that is , if
- n n-1
f(x)=a,x"+a,_;x" " +. . .+ax+3g
where the coefficientsa,, ,a,_4 ,... ,&4 ,dy are real numbers and thexponentsare

nonnegative integers. | d, #0 ,thenf has degreen .

—> Thedomainof polynomial functionis IR or (—00,00) :
* A rational function is a quotient of two polynomial functions — that | if
P (x)
f(x)=
Q (x)

where P (X) and Q (X) are polynomial functions .

—> Thedomainof rational function is

R —{ set of zeroof Q ( 3} .

* A root functionis in the form
f(x)=v9(x)

where( (X ) is a polynomial function n is positive integer .



—> Thedomainofroot functionis

R if nisodd
the solution set of inequalityg ( ¥=0 if niseven’

Notes (6): Page (20)
*If f and g are functions , we define the su f + g, difference f — J ., product f g

=f g (x)
=f ( )-g(x)
f (x)

, and quotient T / J as follows :

I
A
v
«Q

(6)09=5 0

* Thedomainof T + g . f — g ,and f g is the intersection of thelomainsof f and
g -thatis, the numbers that arledmmonto both domains ,

or Dy ﬂDg

* The domain of f / J consists of all numbers x in the intersection cdu that
g(x)#0,
or D; ND, —{ setof zersof g( 3}

Example (5): Page (20)

Let f (X) =4 - x? and g (X) =3X+ 1. Findthe sum, difference , product

, and quotient of f and g, and specify the damaf each .

Solution
*« f (X) =4 —x? = Root function, to get thedomainof f

out 4 —=x220 = 42x°> => -2<x<2
D; =[-2,2]



* g (X) =3X+1 = Polynomial function
Thedomainof g is Dy =R = (—oo,oo)

*D;y NDy =[-2,2]NR=[-2,2] o -2sx <2

Function Domain

(f+9)(X)=W+(3X+1) —-2<X<?2

(f_g)(x)=\/m—(3x+1) —2<X<?2

(f g)(X)=W(3x+1) —-2<X<2

© 3x+1

(f J(X) V4 —x? -2<Xx <2 and x¢—1
3

Definition (1.11) :  Page (21)

The composite function f o g of f and g is defined by

(feg)(x)=f (g(x)).

Thedomainof f o g is the set of all x in the domain of such that J (X) is in the
domain of f .

Figure 1.26
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X

8(x)
Domain of g

Domain of f f(g(x)) .

Notes (7): Page (21)

* The composite functio f o g (readf circle g) .
(Feg)(x)# (g1 )(x).
* The condition to obtair f o g is

R,ND; #0 (O is null or empty set) -

*Dy,q 0Dy

Domain of fe g Range of fo g

Domain of Range of f

Range of g Domain of f

Example (6): Page (21)
If f(x)=x?-1andg(x)=3x+5,find

@ (f og)(x) andthedomainotf og .

(b) (g o f )(X) and the domainof g o f .

Solution

* f (X) =x?2-1 = Polynomial function

11



Df =R or (—O0,00).
* g (X) =3X+5 = Polynomial function
D, =R o (—00,00).

@(fog)(x)=f (g(x ))
f

(3x +5)

(3x+5)° -1

Ox° +30x+ A4 |.

* Since for each x irR (the domain ofg) the function value ¢ (X) =3X+5 isin
R (the domain off ) , thedomain of f o g isalso R |.

o (gef)(x)=g(f (x))

(-1
=3(x2 —1)+5
= 3x°+2 |

* Since for each x irR (the domain off ) the function value f (X) =x°-1isinR

(the domain ofg) , thedomainof ( of isalso| R |.

Example (7): Page (22)
it f (x)=x2-16 andg (x)=+/x , find

@ (f og)(x) andthedomainotf og .

(b) ( gof )(X) and the domainof g o f .
Solution

* f (X) =x’-16 = Polynomial function
D; =R or (—00,00).

12



« g(x)=+x = Rootfunction, to get thelomainof f
put X =0

X +16 |.

* Since for each x ir[O ,00) (the domain of g ) the function value g (X) = \/; IS in
R (the domain off ) , thedomain of

fog is [0,00) .
o (gef)(x)=g(f (x))
=g(x2—16)

=| Vx? -16 |.

* Since for each x irlR (the domain off ) the function value f (X) =X 2 - 16 isin

[0,0) (the domain ofg) , thedomainof @ of isall x suchthat X© =16 isin
[0,0).

x°-1620 , x*216 ,and |[x|24 = -4<x<4

Thus , thedomainof g of is the union | (=00, =4 ]U[4 ) |.

Notes (8): Page (22)

*If f and g are functions such that
y =f (u) and u=g(x)
then substituting foru in 'y = f (u) yields

13



y =f (g(x))

Example (8): Page (22)

8
Express Y = (2 X+ 5) in a composite function form .

Solution

su=2x+5 and vy =u®

8
is a composite function form fo Y = (2 X + 5)

ILLUSTRATION :  Page (23)

Choice for Choice for
Function value _ _
u=g(x) y =f (u)
4 —
y=(x3—5x+1) u=x°>-5x+1 y =u
y =Vx? -4 u=x?-4 y =-u
2 _
y = u=3x+7 y ==
3X+7 u
1.3 TRIGONOMETRY :
The trigonometric functions (1.16) : Page (29)
(i) Of an Acute Angled :
: b C
sin@ =— cscl = 0
(hyp) ) ¢
C [ a C
o] cosé = c secl = -
o=" a
L cotd==
b

a (adj)

14




(i) Of any Angle@ :

y . b r
A sin@ =— cscl =—
Pla, -'r-’} ! b
a r
/ _ \f’ cos@ =— secld =—
: L r a
X _b a
kj == cotd=—
b

2 4 }“1‘ — 32

(i) Of a Real Numberx :

The value of a trigonometric function at a&al number x is its value at an angle ofx
radians .

Definition (1.17) :  Page (30)

* csc€=_L . sed = L . cof =
sin@ cosé tané@
tan6=smg , cot6=cqsa . tan@ = 1
cosé sin@ cot@

« sin® @+cos’ =1 :
tan? @+1 =sec @
1 +cot?@=csc@.

Notes (9) :

+ cos260=cosf- m°0
=2cos*f-1
=1-2sin°é

* sin2@=2sin@cosé@
15




Special values of the trigonometric functions (8)1: Page (31)

7 7 sin@ cosfé | tan@d | cotéd cscél cscé

(Rad.) (Deg.)

T 1

Tl | LB e ] g

2 3 3

T

Yl |22 1w
2 2

T 1

I IR T R I P P
2 2 3

Graphs of the trigonometric functions :

Figure 1.33

—
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Page (34)
Figure 1.37
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First Homework
Page 23, No. 7-10, 12, 14
Page 24, 19, 25, 35, 38, 40 and 50

CHAPTER (2)
LIMITS OF FUNCTIONS
2.1 INTRODUCTION TO LIMITS : Page (40)
* As an illustration , consider

3 _ny?2
f(x) X 2 X

3X -6
* Note that 2 is not in the domain off , since substituting X = 2 gives us theundefined
o)
expression—_ .
' f(x) ' f(x)
1.9 1.20333333 2.1 1.47000000
1.99 1.32003333 2.01 1.34670000
1.999 1.33200033 2.001 1.33466700
1.9999 1.33320000 2.0001 1.33346667
1.99999 1.33332000 2.00001 1.33334667
1.999999 1.33333200 2.000001 1.33333467
4

* |t appears that the closer x t@, the closer f (X) to § :

. x> =-2x* |4

lim f (x)=Ilim ==

X o 2 X = 2 3X -6 3

* In general

17



X3 —2x?
Fx)="5 6
0

* The number2 is not in the domain off since themeaningless expression— is obtained if

2 is substituted for x .
* Factoring the numerator and denominator

.  x7(x-2)
lim f (x) = lim
X & 2 -2 3(x=2)
* Since X £ 2, we may cancel the common factc(rX - 2)
| _x* _ 2% |4
lim f (x)=Ilim === -
X > 2 X > 2 3 3 3
Figure 2.1
AY
LN ’ I.L' = £X
= 3X ]
N A ”/i%lli%*:
Limits of a function (2.1) :  Page (41)
NOTATION INTUITIVE MEANING GRAPHICAL INTERPRETATION

18



We can make f (X )

as close toL as desired LN, o mes
lim f (x) =L |bychoosing x A “‘*i‘\“_“/”
X a sufficiently close toa, f(x): I ! “T\\\

| 1

and X Za .

Q)
: |
X (] < X X
Example (1): Page (44)
2X%2 =5 X+ 2 .
F f(x)= find lIm f (x ).
) 5x°-7x=6 = x-2 )
Solution
2
= o
¢ (x)=2X2 5x +2
5xc=7X-6
0

* The number2 is not in the domain off since themeaningless expression— is obtained if

2 Is substituted for x .
* Factoring the numerator and denominator

Im f (x)=Ilim (x—2)(2x—1)
>I<_.2f() iqz(X—Z)(5X+3)

* Since X £ 2, we may cancel the common factc(rX - 2)

im f (x) = lim 2x-1_2(2)=1_| 3
s «.25x+3 5(2)+3 |13

Example (2): Page (44)

" f(x)=\7;;_93

(a) find lim f (x ).
X -9

19



(b) Sketch the graph of f and illustrate the litnn part (a) graphically .

Solution
@) f(x)= %

0

* The number9 is not in the domain off since themeaningless expression— is obtained if
9 is substituted for x .

* Rationalizing the denominator by multiplying the moerator and denominator by\/; + 3
fim f (x)=lim | 272 Vx +3
X > 9 x-ol VX =3 Jx+3
(x-9) (v +3)
= lim

X -9 X=-9

* Since X # 9 , we may cancel the common factc(rX - 9)

im f (x)=lim (Vx+3)=+9+3=[6

(b) The graph of f is the same as the graph of the equatiof = VX + 3, except for the
point (9 ,6 ) , as illustrated inFigure 2.3.

* As x gets closer t® , the point (X f (X )) on the graph off gets closer to the point

(9,6) .

* Note that f (X) never actually attains the valué ; however , f (X ) can be made as
close to6 as desired by choosing x sufficiently close%a
Figure 2.3

20



LY
1 (9, 6)
L
d R, I W
i fGx) 16 1 flx)
i [
1ttt
T Ko (= x X
9
Example (3): Page (45)
Show that lIM — does not exist .
X -0X
Solution
1
* The graph of f (X) — — is sketched inFigure 2.4.
X
Figure 2.4
AY
|
fix) = —
A 1

* Note that we can mak*e f (X) ‘ as large as desired by choosing x sufficientlgse to 0

(but X Z0).

21



* For example , if we chooseX = —(0.000001 , we obtain f (X) =1 ,O(D ,OOO
and if we chooseX =0.000001 , we obtainf (X) =1,000,000.

* Since f (X) does not approach a specific number as x apprex 0
the limit does not exist|.

Limits of a function (2.2) :  Page (46)

NOTATION INTUITIVE MEANING GRAPHICAL INTERPRETATION

We can make f (X) 4}’ o

lim f (X) = L | as close toL as desired s y = I\5)

- by choosing X :
X - a .. %
sufficiently close toa, L NS
(left —hand limi)  |and X < a . f(x) | i 5

Xy X

We can make f (X )

im f (X) = | |asclose toL as desired
by choosing x
sufficiently close toa,
(right —hand limity [and X > QA .

+
X - a

Theorem (2.3): Page (46)

lim f (x)=L ifandonlyif lim f (x)=L = lim f (x)

X - a X - a X - a

Example (6): Page (47)

if f (X) - ‘7 , Sketch the graph of f and find , if possihle
@ lim f (x). o lim f (x). (@©lim f (x).
X -0~ x -0 X - 0

22



Solution

f(x) =2

X
| [ x if x =0
*SIHCG‘X‘— x if x <0

* f is undefined ,g,atx=0
0
1f X >0 ,the‘X‘=X and f (X)=u=£=1
X X
1 X <0 ,the‘X‘=—X and T (X)=‘X‘=_X =-1
X X
Figure 2.7

AY

i
=Y

@ lim f(x)=[=1].

X 0"

0 lim f(x)=[1].

x 07

(c) Since lIm f(X)?‘-‘ lIm f(X),then
X - 0" X 0"

lim f (x) does not aist
X —

23



Example (7): Page (47)
Sketch the graph of the function f defined as s :

(3-x for <1
f(x)=¢ 4  for

X
X

x?+1 for x>1
X).

Find lIm f (X) im f (X) ,and|im f (
X 17 x> 1% X - 1
Solution

(3-x for x<1
f(x)=4 4 for x =

x?+1 for x>1
Figure 2.8

«if X <1 ,then lim f (x)=lim (3-x)=3-1=[2

X -1 X1
“if X >1 ,then lim f (x)= lim (x2+1)=12+1=
X - 17 X - 17

* Since Iim_f (X): Iim+f (X):Z , then

X—)l X—’l

24




lim f (x)=2

X -1

* Note that the function value f (1) =4 isirrelevantin finding the limit .

2.2 DEFINITION OF LIMIT : Page (53)
Definition of limit of a function (2.4) : Page (53)

Let a function f be defined on an open interval containing , except possibly a& itself

,and letL be areal number . The statement

lim f (x)=L

X - a
meansthatforever;&'>0 , there is a0 >0 such that
if 0<|x-a|<d, then |f(x)-L|<¢.

Figure 2.11
M»0<|x-al<d

<0 —>

=

|

Qo T
e

)

=

+ e T
(=)

Example (1): Page (54)

Use definition of limit of a function to prove thatlim (3 X -5 ) =7
X -4

Solution

25




* Let f(X)=3X—5 a=4 ,andL =7 , the we must show that given any
>0 ,wecanfindaO >0 such that
if 0<|x-al<d, then |f(x)-L|<e.

* To solve inequality problems of this type we cateofobtain a clue to a proper choice %)
by examining the& —tolerance statement as follows :

(3x-5)-7|<¢

3x-12|<¢
3(x-4)|<e
(x-4)|< e

* We choosed such that0 < — & and obtain the following equivalent inequalities :
0<|x-4|<d
1
O0<|x-4|<Z¢
3
0<3|x-4|<¢
0<|3x-12|<¢
0<[(3x=5)-7|<¢
* This verifies

If 0<|x -4|<d, then |(3x-5)-7|<¢

and hence completes the proof .

Alternative definition of limit (2.5):  Page (53)

lim f (x)=L

X-a

means that for everny€ > O , there is a O >0 such that if x is in the open interve

26



(a—5,a+5) and X Za , then f (X) is in the open interva
(L-¢&L +¢).

2.3 TECHNIQUES FOR FINDING LIMITS : Page (58)
Theorem (2.7): Page (59)

@ lim c=c. i)y lm x =a.
X - a X - a

Theorem (2.8): Page (60)

it lim f (X) and lim g (X) both exist , then

(i) j!igﬁa:f (x)+;(x)]=li£naf (x)+)!i£nag(x).
(i )!igﬁa:f (x).g(x)] = lim f (x). )I(iinag(x).

lim _f (X) = )!i_' af (X) ovided I|im z0
1l y )
() x|_>a g(X)j| lim g(x) provi xLag(X)

- X - a

@) lim [cf (x)]zc[lim f (x)}

v) )!iina[f (x)=g(x)] = lim f (x)—)!iinag(x).

Theorem (2.9): Page (60)

If m,b,and a are real numbers , then

lim (mx +b)=ma+b
X - a

Example (1): Page (61)

27




3X+4

Find lim
Solution
lim (3x +4)
lim 3X 4 _xoo _3(2)+4 |10
x_25Xx+7 lim (5x+7) 5(2)+7 |17
X > 2
Example (2): Page (61)
Prove that [IM X3 =c':13 .
X ->a
Solution

*since lIM X =a
X - a

lim x° =lim (x.x.x)

= lim x [.| im x [.| Im X |.
X - a X - a X - a
—a.a.a=|a
Theorem (2.10): Page (62)
If n is a positive integer , then
@ lim x" =a" .
X - a
n
. n 5 - 5
iy lim [ f (x)] :=[mn f(x)} , provided limf ( x)
X - a X - a X - a
exists

Example (3): Page (62)
28




Find lim (3 +4)5 |
X o 2

Solution

< lim (3x +4)° :[Iim (3x+4)T

X—>2 X—’2

=[3(2)+4]" =10° =[100,000]

Example (4): Page (62)
Find lim (5x3 +3x°? —6) .

o Solution
Xliqrn_2 (5x3 +3x° —6) :Xliin_z(5x3)+Xliqm_2(3x2)—Xliqm_2 (6)
—c i 3 - 2\ _
—5XI|In_2(x )+3XI|In_2(x ) 6
=5(-2)° +3(-2)" -6
=5(-8)+3(4)-6 =[-34|.

Theorem (2.11): Page (62)

If f is a polynomial function anda is a real number , then

limf (x)=f (a).

X - a

Corollary (2.12):  Page (63)

If g is arational function anda is in the domain ofqg, then

lim g (x)=q(a).

29



Example (5): Page (63)
5x%-2x+1

Find lim 2
X -3 4x° =7
Solution
lim 5x2—2x+1_5(3)2—2(3)+1
x.3 AX> -7 4(3)° -7
_45-6+1 | 40
108 =7 101 |

Theorem (2.13): Page (63)

f a>0 andn isa positive integer , or ifa < O and n is anodd positive integer,

then
lim Yx =Ya .

X - a

Example (6): Page (64)

o x21% 43 x
Find lIm .
x g 4—(16/ x)

Solution
- 2/3
o I 12%)
* lim ==
x.s4—(16/x) lim [4-(16/ x)]
8

X -

lim x2/3 +1lim 3Jx
_X-38 X - 8

~lim 4 -1lim (16/ x)

X - 8 X - 8

30




_82/3 4348

-(16/ 8)
:4:4\2/5 = 4+24\/§= 2+32 .

Theorem (2.14): Page (64)

If a function f has alimitas x approachea then

lim Y/f (x) =p/lim f (x),
provided either n is an odd positive integeror n is an even positive integeand
lim f (x)>0 .
X > a

Example (7): Page (64)

Find lim §/3X2 -4x+9

X5
Solution
« lim §/3x2—4x+9=3§/lim (3(2—4x+ 9)
X5 X5

=\/3(5)2—4(5)+9

=364 = 2+32 |

Theorem (2.15): Page (64)

Supposef (X) <h (X) <dg (X) for every x in an open interval containing
except possibly at

If lim f (x)=L =lim g ), then lim h(x)=L .

X - a X - a X > a

Figure 2.21
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Example (8): Page (65)

Use the sandwich theorem to prove thdtm X 2 Sin 5 =0 .

X -0 X
Solution
* Since =1 € sint <1 forevery real numbert ,

—1ssini251 , forevery x#0
X

* Multiplying by X2 ( which is positive ifX Z 0 ), we obtain

1
~x? <x%sin— <x?

X2
* This inequality implies that the graph ofy = X2 sin—2 lies between the parabolas
X
y ==X%andy = X° .
. : 2\ - : 2\ -
* Since 1IM (—X )—O . lim (X )—O , then

. 01
lim x23|n—2:O
X -0 X

Home work
Exercises2.1: 10,14,25,44 and 46.

Exercises2.2: 15 and 16.
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Exercises2.3: 20- 25, 35, 36, 37 and 63

2.4 LIMITS INVOLVING INFINITY : Page (68)
Example (2): Page (70)
Find each limit , if it exists .

@ lim

( ) I. ( )I. 1

ot (x-4)° xna(x-4)

Solution

3

(@)If x iscloseto4 and X <4  then X =4 s close to0 and negative , and

. 1
l[im 3 = — o0
X -4 (x —4)
(@) If x iscloseto4 and X >4 then X =4 s close to0 and positive , and
. 1
lim 3 =[ o0
x - 4% (x =4)
: 1 . 1
(c) Since |IM 3 Z lim 3« then
x-47 (x =4)" x-4" (x—4)
: 1 :
im ——— doesmtexist .
x= 4 (x—4)
1

* The graph of Y =(X _4)3

vertical asymptote .
Figure 2.29

33
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IS a



Definition (2.16) : Page (71)

lim f (x) =L

X — 00
means that for every€ >0 | thereisaM >0 such that
f x>M, then |f(x)-L|<e.

Definition (2.17) : Page (72)

lim f (x)=L

X - —00
means that for every€ >0 | thereisaN <O such that
f x <N, then |f(x)-L|<e.

Definition (2.18) : Page (73)

If k is a positive rational number ana is any number , then

. C . C
lim —k=0 and lim —k=0,
X—»OOX X—>_°°X

provided X : is always defined .
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Example (3): Page (73)
. 2x° -5
Find lIm 5 .
X o -0 3XT +X+2

Solution
* Since thehighest powerof x in the denominator is2 , we first divide numerator and

denominator by X 2 , Obtaining

2x°% -5
2 _ 2
im X T2 o jim X
X -0 IXT+FX+2 x4 -0 IX“+X+ 2
XZ
2- 5
= lim X
X—>‘°°3.|.1.|.22
X X

. . 5
Im 2-1Iim ——
2

Iim 3+ Iim 1+Iim ji

X - —00 X o —oo X x_,—ooX2
_2-0 |2
3+0+0 |3

Example (4): Page (74)
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. 2x% -5
Find lIm 2 .
X5 IX +X+2

Solution
* Since thehighest powerof x in the denominator is4 , we first divide numerator and

4
denominator by X ~ , obtaining

2 5

2 _ 2 4

im —2XT0 o jim XX

X0 X +X+2 x—>003+1+
3 4

X X

_0-0 _9_()
3+0+0 3

Example (5): Page (74)
. 2x3 -5
Find lIm 5 :
X500 IX°+X+2

Solution
* Since thehighest powerof x in the denominator is2 , we first divide numerator and

denominator by X 2 , Obtaining

5
ax2-s5 X7 G
lim 5 = |lim
x_,003X +X+2 X—>°°3+1.|.2
X x2
00 — 00
= = — =
3+0+0 3

Example (6): Page (74)

Iff(X)=\/9x2+2

, find
4X+3
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@ lim f (x). oim f (x ).

X -5 X - —00

Solution
Jox2 +2
f(x): AX +3

(a) If x is large andpositive, then

\/9x2+2=\/9x2 =3x and 4x +3 = 4x

and hence

Ax +3 4Ax 4

: 3
this suggests tha lim f (X) :Z :

X —» 00

2
f()():\/9x +2 _3x_3

* To give a rigorous proof we may write

. \/9x + 2 . X
lim = |lim

X —» 00 4X+3 X —» 4X+3
Vx? 9+2.2
: X
= lim

X - 00 4X+3

If x is positive, then \ X 2 = X , and dividing numerator and denominator of thast
fraction by x gives us

9.|.2

: \/9X2+2 , x 2
lim = lim 3
X->0 4X+3 X — 00 a4+°
X

V9 +0

440

Bw
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(b) If x is large negative, then \/ X 2 = =X . If we use the same steps as in péa ,

we obtain
& (o 2]

2 )
lim Vox® +2 _ lim X

X > -0 4X+3 X - —00 4X +3

el

= lim
X - —00 4X +3
—_ 9 .|.2
. X2
= lim 3
X - —00 A+°
X
_-N9+0 _[ 3
4 +0 4
Definition (2.19) : Page (76)
lim f (x)=oo

X - a
Means that for everM >0 | there s a0 >0 such that
If 0<x —al<d, then f (x)>M

Home Work
Exercises2.4: 11, 13, 21 and 22.

2.5 CONTINUOUS FUNCTIONS :  Page (77)
Figure 2.35
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(i) (i)

AY AV
y = f(x)
o = H'l} = &
N
} o 1 >
c X e X
(iii) fiv)
f}’ AY
y = f(x) y f(x)
\/
-
] da } S
o X c X

* Not that :

In (i) of the Figure 2.35, f (C) is not defined .

in (i), f (c) is defined ;nowever Jim f (x ) #f (c) .

X > C

In (iii) , lim f (X) does not exist .
X > C

in(v), f (C) is undefined and , in addition Jim f (X ) = oo .
X - C

Definition (2.20) : Page (78)

A function f iscontinuousat a numberc if the following conditions are satisfied :
i) f (c) is defined

(i) lim f (X) exists .
X > C

(i) )I(iincf (x)=f (c).

ILLUSTRATION:  Page (79)
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FUNCTION VALUE

DISCONTINUITIES

f(x)=x+2

None , since for evernc
lim f (x)=c+2

) =f (c)

=Y

c =1 sinceg (1) is
undefined

(removable
discontinuity).

if x #1

2 if x =1

=Y

c = 1since
lim h(x)=3
X -1

zh (1)

(removable
discontinuity).

c =0 sinceh (O) does
not exist and alsa

lim h(x) does nof
X -0

exist
(Infinite discontinuity).
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c =0 sincep (O) is
undefinedand also

lim p (X ) does not
X -0

exist

(jump discontinuity).

Definition (2.21) : Page (80)

(i) A polynomial function f is continuous at every real number .
f
(i) A rational function {J = — is continuous at every number except the numbets
g
such that( (C) =0 .
Example (2): Page (80)
x° -1
it f(x)= find the discontinuities of f .

X3 +x2-2x
Solution

2
X -1
fx)= 33
X~ +X°=2X
* Since f is a rational function , it follows that the onlyliscontinuities at the zeros of the

denominator X 3+ X 2 - 2X.
* By factoring we obtain

x3+x2—2x=x(x2+x—2)=x(x+2)(x—1)

* Setting each factor equal to zero , we see thae tdiscontinuities of f are at

0,-2,and 1/.

Definition (2.22) : Page (81)

Let a function f be defined on a closed intervz{la . b] . The functionf iscontinuous
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on [a,b] if it is continuous on(a,b) and if , in addition ,
lim f(x)=f(a) and lim f (x)=f (b).

X - a X > b™

Example (3): Page (81)

i f (X) =9 - X2 , sketch the graph of f and prove that f isntmuous on the
closed interval[—3 ,3] .

Solution
f(x)=v9-x°

* The graph of X2 +y 2 = 9 is a circle with center at the origin and radius3 .

Solving for y givesusY = vV 9 —-X 2 , and hence the graph ofy = 9 -X 2

Is the upper half of that circle .
Figure 2.37

AY

—

*If =3 <Cc <3 ,then

lim f (x)=1im V9 -x* =vJc-x* =f ().

X - C X -C

Hencef is continuous atc .

* All that remains is to check the endpoint of thetérval [—3 ,3] using one-sided limits as
follows :
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lim f(x)= lim V9-x?=49-x2=0=f (-3)
x » —3"

X » 3%
im f(x)= lim V9-x?=v9-x?=0=f(3)
X >3 X > 3

Thus , f is continuous from the right at—3 and from the left at3 .

*Then | f is continuous on[-3,3] |.

Definition (2.23) : Page (82)

If f and g arecontinuousat c , then the following are also continuous at:
() thesum T +Q .

(i) the difference f — @ .
(iii) the product T Q .

(iv) the quotient T / g , provided g (C) Z0 .

Definition (2.24) : Page (83)

it lim g (X) =D andif f iscontinuousat b, then

* lim f (g(x))=f (b) =f (Iim g(x)).

X > C X > C

Definition (2.25) : Page (83)

If giscontinuousatc and if f iscontinuousat 0 = g (C) then

o im 1 (g (<)) =f (1im 9 (x) = (a(c)).

(i) the composite functionf o g is continuous atc .

Intermediate value theorem (2.26) : Page (84)
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If f iscontinuouson a closed interval[a,b] and if w is any number betweerf (a)

and f (b) , then there is at least one number in [a,b] such that

Figure 2.38

=Y

Example (6): Page (84)

Show that f (X) =X5 +2X4 -6 X3 + 2 X — 3 has a zero between 1 and 2.
Solution
f(x)=x>+2x*-6x°+2x-3

* Substituting 1 and 2 for x gives us the function values :
f(1)=1+2-6+2-3=-4
f (2)=32+32-48+ 4-3 =17
* Since f (1) and f (2) have opposite signs , it follows from the interneste value

theorem thatf (C) =0 for at least one real numbec betweenl and 2 .

Home Worke
Exercises2.5: 1-10, 31, 35 and 47.



CHAPTER (3)
THE DERIVATIVE
3.1 TANGENT LINES AND RATES OF CHANGE : Page (90)
Definition (3.1) : Page (91)

The slope [T, of the tangent line to the graph of a functioh at P (a,f (a)) IS

o i 1201 @)

Provided the limit exists .

Figure 3.4

Ay Q7 y = [{x)

fla + h) — f(a)

f(a)

=Y

a a + h

Example (1): Page (91)

Let f (X) =X 2 ,and let a be any real number .

(a) Find the slope of the tangent line to the graphf at P (a , 8.2 ) :

(b) Find an equation of the tangent line aR (—2 ,4).

Solution
(@) The graphof Y =X 2 and a typical point P (a,a2 ) are shown inFigure 3.5.

Figure 3.5
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* Applying Definition (3.1) , we see that the slope of the tangent line atisP

f (a+h)-1 (a)

a 50 h
2 2
=Iim(a+h) -a
.0 h
. a’+2ah+h?-a?
= lim
h_0 h
2ah +h?
= lim
h-0 h
= lim (2a+h)=[2a
ho0

(b) The slope of the tangent line at the poift (—2 ,4) Is the special case of the formula

m, =2a with a = —2 :thatis ,

=2(-2)=

* Using the point-slope formy =Y, =17 (X Xl) we can express an equation for

the tangent line as
~4(x=(-2))
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y -4=-4x-8

y =—4x-4

Definition (3.2) : Page (92)

The average velocity/av of an object that travels a distance d inthaeé t is

Vo =2

av t

Definition (3.3) : Page (93)

Suppose a point P moves on a coordinate linesuch that its coordinate at timet is

S('[) . Thevelocity/ , of P attime a is
/. =iim S@*N)=s(@)
h- O h

provided the limit exists .

Example (2): Page (94)
A sandbag is dropped from a hot-air balloon thathsvering at a height of 512 feet above the
ground . If air resistance is disregarded , théhe distance S (t ) from the ground to the

sandbag after t seconds is given by
s(t)=-16t" + 512
Find the velocity of the sandbag at
@ =a sec byt =2 sec

(c) the instant it strikes the ground .
Solution

s(t)=-16t° + 512

(a) As shown inFigure 3.10, we consider the sandbag to be moving along ativar
coordinate line | with origin at ground level . Note that at the instant it is dropped ,

t =0 and
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s(0)=-16 (0)°

+512=52P ft

Figure 3.10

* To find the velocity of the sandbag at = a, we useDefinition (3.3), obtaining

/ =iim S@+N)=s(a)
h- O h

[

-16(a+h)’ + 512 |-(-16a" + 512

V. = lim
2 h- 0 h
-16 (a2 + 2ah +h2)+ 512+ 162 — 51;

VvV, =Ilim

ho 0 h

. =32ah -16h?
vV, =Ilim

ho O h
vV, =lim (-32a-16h)=[-32aft / sec|.

h- O

* The negative sign indicates that the motion of tlsandbag is in the negative direction

(downward) on | .

48




(b) To find the velocity att =2 , we substitute2 for a in the formula V, = =32 a ,
obtaining

V, ==32(2)= -64 ft / sec|.

(c) The sandbag strikes the ground when the distanbe\ge the ground is zero-that is , when
s(t)=-16t* +512=0

512 _

= E =

t =32 =4/2=[5.7 sec|.

Homework Exercises3.1: 1, 7, 15.

t 2 32

* This gives us

3.2 DEFINITION OF DERIVATIVE : Page (98)
Definition (3.5) : Page (98)

Thederivativeof a function f is the function defined by
f (x+h)-f (x)
h-0 h

Provided the limit exists .

Alternative definition of derivative (3.6) : Page (99)

(@) = tim )77 (3)

Applications of the derivative (3.7) : Page (99)

(i) Tangent line: The slope of the tangent line to the graph df = f (X ) at the point

(a,f (a)) is f' (a).

(i) Rate of change If 'Y = f (X ) , the instantaneous rate of change of with respect
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to x atais ' (a)

Definition (3.8) : Page (99)

A function f is differentiable on a closed interval[a,b] if f is differentiable on the

open interval (a b ) and if the following limits exist :

f (a+h)=f (a)

f (b+h)-f (b)_

lim and lim
h-o0" h hoO
Figure 3.12
+ ) = f(b + } (b)
Slope = lim [ f? [l9) Slope = lim * o Ij: JAO)
i 1 fr—=()

R(b, _,J' (b))

Definition (3.9) : Page (100)

The graph of a function f has a vertical tangent line X =a at the point
P (a,f (a)) if f is continuous ata and if

lim [f' (x)|=o0.
X - a

Figure 3.13
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=Y
Y

| 1
f - ]
a X / a \

Definition (3.9) : Page (100)

A point P (a,f (a)) on the graph of a functionf is acuspif f is continuous ata
and if the following two conditions hold :

(1) f (X) — 00 as x approaches from one side .

(i) f (X) — — 00 as x approaches from the other side .

Figure 3.14
(i (1) (i)
y Ay Ay
! l 4 b ! y = f(x)
[ v = Va© — _\.: /—
! Pla, f(a))
|
O(—a, 0) | P(a, 0)
.' -r; a -r;

Example (1): Page (101)
it f(x)=3x%-12x+8 find

@ f' (x). of' @),f' (2),and f' (a).

(c) the domain of fr

Solution
f (x)=3x*-12x + 8
(a) By Definition (3.5),
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1)1 ()

fr(x)=

= |lim

h

i
h -
3(x+h)? -12(x +h) +8 |-(3x? - 122x +8)

h-0

h

(3x2 +6xh +3h% - 12x - 1 +8)—(3x2 -12x +8)

= lim
h-0 h
. 6xh+3h?-12h
= lim
h -0 h

= lim (6x +3h -12)

h-0
=1 6x-12 |.

(b) Substituting for x in f' (X) =6 X —12 , we obtain

f'(4)=6(4)-12 =

12 |.

fr(-2)=6(-2)-12 =

f'(a)=

(c) Since T (X) =6 X —12 , the derivative exists forvery real number x

Hence the domain off ' is

Example (2): Page (101)

i f (X ) =3X 2 — 12 X+ 8, use the result oExample (1)to find

(a) the slope of the tangent line to the graph bf¢ equation at the pointP (3 = 1) .

6a-12 |.

R |.

—24 |

(b) the point on the graph at which the tangent &ns horizontal.
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f (x)=3x"-12x +8



@itwelet T (x)=3x% —12x + 8, then by(3.7) () and Example (1), the slope
of the tangent line at(X f (X)) is ' (X) =6X =12 . Inparticular, the
slope atP (3 ,— l) is

i (3)=6(3)-12 =[®

(b) Since the tangent line is horizontal if the slopef' (X) IS zero , we solve

6x-12 =0 , obtaining X = 2. The corresponding value of y is4 .

Hence the tangent line is horizontal at the poi Q (2 ) —4)

* The graph of f (a parabolg and the tangent linesat P and Q are sketcledrigure 3.15.
Note the vertex of the parabola is the poif (2 =4 ) .

Figure 3.15

AY

O o

|
f

Slope = 6

R 1 | L e ! A O
P(_;‘ L - IJ
- Slope 0

1 Toe. -4
| R i

|
=Y

Example (3): Page (102)
if T (X) =Jx |

(a) sketch the graph of f .
(b)find f' (X ) and the domain of f .

Solution
f(x)=+x
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(a) The graph of f is sketched inFigure 3.16.  Note that the domain of consists ofall
nonnegative numbers

Figure 3.16

(b) Since X = O isan endpoint of the domain of , we shall examine the caseX > 0
and X =0 separately .

«I1f X >0 , then , byDefinition (3.5),

f*(x)= lim “XJ’E'&.

To find the limit , we first rationalize the nusrator of the quotient and then simplify :

JX +h =x Jx +h +/x

f' = |i .
(x) hlino h Jx +h ++/x
. (x +h)=x
= lim
h*Oh(\/x +h +\/;)
= lim !
h=0+/x +h ++/x
1 1

* Since X =0 is an endpoint of the domain off , we must use a one-sided limit to
determine if ' (O) exists . Usindpefinition (3.8) with X =0 , we obtain

__f(0+h)-f(0)_ . Jo+h-+0O
[im = lim
hoot h ho ot h




Jhoo 1

=Im —=1Illm ==

hoot h  nhootvh

Since the limit does not exist , the domain bf' is

the set of positive real number: .

The last limit shows that the graph of has a vertical tangent linetlfe y-axig at the point

(0,0).

Example (4): Page (102)

it f (X ) = ‘X ‘ , show that f is not differentiable at O .
Solution
f(x)=x]
* The graph of f is sketched irFigure 3.17.
Figure 3.17

AY

Y T S N R O (I
S O N Y I

Itil]lll!lll}ll[:__

* We can prove thatf ' (O ) does not exist by showing that thigght-hand and left-hand

derivatives are not equal .  Using the limitsDefinition (3.8) with d = Oandb =0
yields

fo+h)-f(0)_ . [0+h[-]0]_

[im = Iim — =1
hoot h ho ot h ho o

m f (0+h)-f (o): i \0+h\—\o\= i u: —
hoOo h ho O h ho O

Thus ' (O ) does not exist , and hence
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f is not differentiableat O

* Note that the graph ofy = ‘ X ‘ in Figure 3.17 has a corner and therefore no tangent line

at point P (O ,0) .

Theorem (3.11): Page (103)

If a function f is differentiable ata, then f is continuous at .

Power rule (3.14): Page (104)

Let n be an integer

o f(x)=x", ten f'(x)=nx""",

provide X Z0 whenn <0

Theorem (3.15): Page (106)

it f(x)=cx" then f'(x)=(cn)x"".

Notation for the derivative of Y =f (X) (3.16) : Page (106)

: d d
i (x)=D,f (x)=D,y =d§ = (x).

ILLUSTRATION:  Page (106)

+D, (3x")=(3.7)x® = 21x°

« Dy (it 12j=(1.12)x“ = 6x"
2 2

w112 =l 5y 12

*
o
< o
—
D
P
w
N
S
I
7~ N\
N
N | W




g

r5

D, (x?’)l(=5 =3x2]X=5 -3(5
1

. & (2r'4)=2(—4)r'5 = -

)=75.

-[Dc (9x*?)] . =K9.;1 X ’3L8 = 12(8 *'?)

24 |,

Notation for higher derivatives (3.17) : Page (107)

£ (x), f (%), f (x), F8(x), . (x)

D,y ,DZy, Dy, Dy ,..,Dly.

y' oyt Ly y® Ly
dy d°y d°y d°y d"y
dX ) dX2 ) dX3 ) dX3 b I | an o

Example (5): Page (107)

Find the first four derivatives of f (X ) =4 X 3/2 .

Solution
f(x)=4x3'7?

* We usg3.15)four times :
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Home Work:Exercises 3.2: 3, 9, 15, 21, 23, 25, 33 and 43.

3.3 TECHNIQUES OF DIFFERENTIATION : Page (109)
Theorem (3.18): Page (110)

iv) D, |cf X):|=CD f(x).
v Dy [T (x)+g(x)
(vi) Dx ) g( )

Example (1): Page (111)
it f(x)=2x*-5x°+x*=4x+1 find f* (x).
Solution

f (x)=2x"-5x°+x°-4x+1

f'(x)=D, (2x4 —5x3+x2—4x+1)
=D, (2x*)-D, (5x*)-D, (x*)+D, (1)

Remember that :
n-1

. n —
“Dxx =nxX
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8x3 —15x% +2x -4 |

Example (2): Page (111)

iy :6?\’/x_2—% 2P (1,2).
X

Solution
4
=63x? -——=
g Jx

* We first expressy in terms of rational exponents and then fincdy [ dx :
y =6X2/3 _4X—1/2

32’( =ddx(6X2/3)_c%(4X_1/2)

Remember that :
n-1

*

n _
D, X" =nx

_6 (E)X—lls _4(_1))(—3/2
3 2

_ 4 2
X1/3 X3/2

* To find the slope of the tangent line alP (1,2) ,we evaluatedy / dX at X =1

d 4 2
_y = 4+ =0
dx J,-., 1 1
* Using the point-slope form , we can expressequation of the tangent linas
Y=Y, =m(X_X1)
y-2=6(x-1)

6X-y =4
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Product rule (3.19): Page (112)

D, 1 (x)g(x)=1 (x) D, 9(x)+9 (x) D, f (x)

Example (3): Page (112)
Ity :(x3 +1)(2x2 + 8 x- 5) find D,y .
Solution
y =(x3 +1)(2x2 +8X - 5)

* Usingthe product rule (3.19) we have

D[ ()9 (x)]=f ()P, (x)+9 (x) D, (x)
Dyy =(x% +1) D (2x? +8x = 5) +( 2 +8x =5) D, (x >+ 1)

=(x%+1) (4x -8) +( 2x? + &x -5 ) ( ?)

=(4x4 +8x°3 + 4x +8)+(6x4+24x3— 15 x 2)

10x* +32x° - X% +4x +8 |.

Example (4): Page (113)
it f(x)=x?3 (x 2 -3x +2) find

@ f' (x).

(b) the x-coordinate of the points on the graph of at which the tangent line is either
horizontal or vertical .

Solution
f (x):x1/3(x2—3x+2)
(a) By the product rule (3.19)
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Remember that :

x)g (x)]=f (x)

D, g (x)+9(x)D,f (x)

fr(x)=x"°D, (x2—3x +2)+(x2—3x +2)Dxx1’3

x1/3 (2x 3)+(x 2 -3x +2)(%x'2’3)

3x(2x2 —3)+(x2 - 3x +2)

3X2/3

7X% =12X + 2
3X2/3 '

(b) The tangent line to the graph of f ishorizontal if its slope is zero . Setting

f (X) =0 and using the quadratic formula , we obtain

_12++/144- 56 _

12t/ 88 | 6 +4/22

2(7)

14

~

* Referring to T ( ) we see that the denominato'BX 213 s zeroatX =0 .  Since

f is continuous at0 and lIM ‘ f ) ‘ = 00 , it follows from Definition (3.9) that
X -0
the graph of f hasa vertical tangent lineat| X = O |- thatis, the point (0 ,O) (the

origin) .

Quotient rule (3.20): Page (113)

D, [f (x)}= g(x) D, f (x)—;](zx) D, g(x) |

g (x)

[9(x

Example (5): Page (114)
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dy 3X% =X +2
Find — if Y = :

dx 4%x° +5
Solution
y_3x2—x+2
AX?% +5

* By the quotient rule (3.20)

1100 a 0Dyt ()= (), (x)
DXLJ(X)}

gy (4x2+5)D,(3x% -x+2)-( 32 -x+ 2D, (4x ?+5)

dx (4x2+5)2
(4x? +5)(6x - 1) - (3x2 - x + 2] (8x)
(4x2+5)2
_(24x2 - ax? + 30x - 5)-( 24° -8x 2 + 16x)

- 2
(4x2+5)

4%x° +14x -5
(4x2+5)2 |

Reciprocal rule (3.21): Page (114)

Dx[g(lx)}z_ E)g(gxg}) |
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HomeWork: Exercises3.3: 5,9, 19, 21, 33, 35, 41, 53, 55, 73.

3.4 DERIVARIVE OF THE TRIGONOMETRIC FUNCTIONS :

Page (98)
Definition (3.22) : Page (118)
@ lim sin @ =0 . Gy im sin@ =1 .
-0 6-0
Definition (3.23) : Page (119)
. sind
im —=1.
6-0 @
Definition (3.24) : Page (120)
. 1-coséd
li =0.
-0 7]

Derivatives of the trigonometric functions (3.25) Page (121)

D, sin X = cosx . D, cosx =-sinx .
D, tanx = ¢’ X . D,cotx =-csc X .
D, secx = sex dnx . D,CsScXx =— GCX Ot X .

Example (1): Page (122)

| ., _ sinx
Find Y if Y _1+COSX.
Solution
_sinx
y =
1 +cosx

* By the quotient rule (3.20and (3.25),
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Remember that :

f(x)|_g(x)Dyf (x)-f (x)D,g (x)
°: 500, o ()]’

(1 +cosx)(D, sinx)—( sinx) D, (1 + cox)

*

a (1+cosx )
Remember that :
*ID,sinx=cosx , D cosx— sinx
_ (1 +cosx)(cosx)—( sink)(0- six)
) (1 +cosx )’
_ COSX + COS X + B17 X
) (1 +cosx)’
cosx +1
_(1 +cosx)’
_ 1
1 +cosx

Example (2): Page (123)
rind ' (X) it g (x)=secx tany.

Solution
g (x) = secx tanx
* By the product rule (3.19and (3.25),

D, [ (<)g ()] =1 (x)Dyg (x)+3 (x) D, ()
g' (x) =(secx)(D, tanx)+( tanx)(D, secx)
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Remember that :

*

D .tanx=se¢ x , D secx secxtan

=(secx)( seé x)+( tarx )( sectan x)

=sed x + sex dn?x

= secx( seé X +tan? x)

Remember that :

cos® X+ sit x= 1

*

1 +tan® x = se X

g'(x)= secx(z tan? x +1)

or g'(x)= secx(2 sezx—l)

Example (3): Page (123)
Find dy / d@ it y =secf targd.
Solution

y =secf tand

* We could usehe product rule (3.19as inExample (2); however , it is simpler to first change
the form of y by using fundamental identities as follows :

Remember that :

«|secl = 1 . cotd = CC?SH
cosé sing@
y =secf tand = L Co_se = cs®
cosé sin@

* Applying (3.25)yields

dy=d
dé d&

cscéd =| —cscé coté |
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Example (4): Page (123)
(a) Find the slope of the tangent lines to the grapf Y = SIN X at the points with x-
coordinates O ,7T/ 3 ,7T/ 2 ,27T/ 3 and 7.

(b) Sketch the graph ofy = SIN X and the tangent lines of  part (a) .

(c) For what values of x is the tangent line haantal ?
Solution

y =sinXx
(a) The slope of the tangent line at the point(X , y) on the graph of the equation

Y = SIN X is given by the derivativeyl =COSX . The slopes at the desired
points are listed in the table on the following pag

X 0 T ]_T 2_” 4
3 2 3

y' =cosx 1 L 0 _L -1
2 2

(b) A portion of the graph of Y = SIN X and the tangent lines of paft) are sketched in
Figure 3.22

Figure 3.22
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(c) A tangent line is horizontal if its slope is zero Since the slope of the tangent line at the
point (X Y ) IS y' , We must solve the equation

y'=0; thatis, cosx =0.

Thus tangent line is horizontal itX = +77/ 2 , X =+371/ 2 ,and, in general ,
if

x =(m/ 2)+mn for any intege n

Note : Page (123)

*If IM is the slope of tangent line , theiiN ; is the slope of normal line defined by

m. = -1
! m
Figure 3.23

AY l'angent line

/y f(x)

Normal line

=Y

Example (5): Page (124)
Find an equation of the normal line to the graph of Y =tan@ at the point
P (IT/ 4 ,1) , and illustrate it graphically .

Solution

y =tané
* Since y' :SECZ @ | the slopem of the tangent line atP is
2
m =sec” (7/ 4) =(\/§) =2
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And hence the slope of the normal line is
m,=-1/m=-1/2

* Using the point-slope form , we can express an &tipn for the normal line as

Y =Y =m1(X_X1)
__ 1 _m
y-—-1= 2(x 4)

y ——ix + i1
or 2 8

* The graph of Y =tan @ for =371/ 2 < X< 371/ 2 and the normal line atP
are sketched irFigure 3.24.

Figure 3.24

AY

I [
! !
| 1
|
|

1+

|
|
|
|
P!\
| :
|
|
|
|
1
|
|
|

l
l
|
|
| o
|
|
|
|
|
|
|

Home Work Exercises3.4: 3,7, 15, 27, 29, 31, 35, 41, 47.

3.6 THE CHAIN RULE :  Page (137)
Chainrule (3.33): Page (138)

ity =f (U) ,U=4g (X) , and the derivativedy / dU and du / dX both

exist , then the composite function defined}dy=f (g (X )) has a derivative given b)

g>y< =SZ gi = (u) g (x)=f" (g (x)) o' (x)

~
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Example (1): Page (140)

Find 3—2/( if 'y =JU andu =x% +1 .

Solution
y =JU andu =x2 +1
* If we substitute X > + 1 for u in Yy =+u =yt/? , We obtain

y =x? +1 =(X2 +1)1/2.

* We cannot find dy [ dx by using previous differentiation formula ; howewe using the
chain rule (3.33), we have

dy _dy du _(1 -1/2) X
= =l —u 2X)=—
dx du dx (2 (2x) Ju

dy _ X

and hence -
dx | Jx?+1

Chainrule (3.34): Page (140)

ity =u" and u =g (x), then

D, (u”)=nu”'1 D.u

or , equivalently ,

0, [9(x)]" =n[a(x)]" " D,a(x)

Example (2): Page (140)
Find f' (X ) if (x)=(x° —4x+8)7-

Solution

f(x) =(x5 —4x +8)7
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* Usingthe power rule (3.34yith U = X5 —4X +8 andn =7 yields
7
f'(x)=D, (x5 —4 X +8)
Remember that :
|0 [9(x)]" =na(x)]"" D,9(x)

=7 (x® -4x +8)6 D, (x° -4x +8)

=17 (x® —ax +8) (5x* -4) |

Example (3): Page (140)

Find dy if y - 1
18] - | _— 3 -
dx (4x2 +6x—7)
Solution
) 1
y -

(4x2 +6 X —7)3

-3
*  Writing Yy = (4X2 + 6 X —7) and using the power rule (3.34)with

u =4X2 +6X =7 and N = =3 , we have

dy _ G (4x2 +6x—7)_3
dx dx

Remember that :

[0, [9(x)]" =n[a(x)]"* b, 9(¥

= —3(4x2 +6X —7)_4 C%(4x2 +6 X —7)

=-3(4x” +6x —7)_4 (8x + 6)
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-6 (4x + 3)
(4X‘2 +6 X —7)4 |

Example (4): Page (141)
Find f' (x ) if f (x):%/Sx2 -X +4 .
Solution

f (x)=5x2 -x +4

1/3
* Writing f (X) = (5 X2 =X +4) and using the power rule (3.34)with
5 1
U=5X"=-X+4 and N =§ , we obtain

Remember that :

D, [9(x)]" =n[g(x)]"" B, a(x)

f'(x) :(l)(sz — X +4)_2/3 D, (5x2 — X +4)

*

3

1 2/3
=(§)(5x2 -x+4) " " (10x - 1)

10x -1

3 %/(SX2 - X +4)2

Example (5): Page (141)

Fnd F' (z) it F(z)=(2z+ 5)3(32— ZD4.

Solution

F(z)=(2z+5)°(3z- 1)’
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* Using firstthe product rule, secondhe power rule, and thenfactoring the result gives us

Remember that :

*| D [F (x)a (x)]=F (x)Dya (x)+9 (x) Def (x)

{10, [ (x)]" =n[a(x)]"" D, 9(x)

F'(z)=(2z+5)° B, (3z-1)" +(3 z-1)* D, (22 +5)°
=(2z +5)* .4(3z-1)°(3)+(3z- )" 3(2z+ 9°( )

=6 (2z+5)°(3z- 1)°[ 2 2z+5)+(3z - 1)]

=16(2z+5)° (3z-1)°(7z+ 9 |.

Example (6): Page (141)

Find y' if Y =(3x+1)6 V2x-5.

Solution

6 1/2
* Since Y = (3X + l) ( 2X =5 ) , we have , byhe productand power rules,

Remember that :

Dy [f (x)g (x)]=f (x)Dyg (x)+g(x)Dyf (x)

|0 [g(x)]" =n[g(x)]"" D, g(x)

1/2

-1/2
(

y'=(3x+1)6;(2x—5) 2)+( 2 - 5 6(3X+1)5(3)

(3x +1)6
V22X =5

(3x +1)° +18(3x + 1)° (2x - 5)
V2X =5

+18(3x +1)°J/2x -5
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(3x +1)° (39 - @)
J2x -5 |

Example (7): Page (142)

FmiF(x)wf(x)=tx+Vx2+6r.

Solution

f(x)=(’7x+\/x2+6)4

* Applyingthe power ruleyields

Remember that :

x)]" =n[g(x)]"" Dyg(x)
fr (x)=4(7x +/x 2 +6)3 D, (7x +/x? +6)
=4(7x +M)3 [DX (7x)+D, Vx* +6}

* Again applyingthe power rule, we have

D, Vx? +6 =D, (x* +6) "

=%(x2+6)ﬂJ2Dx(x2+6)

X

1
= 2X )=
2Vx2+6( ) JX? +6

€ X
* Therefore, ' (X)= (7X+ X 6) [7+ J :
VX% +6

Theorem (3.35): Page (142)
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If U =g (X) and g is differentiable , then
D, sinu =(cosu)D,u . D, cosu =(-s$nu)D,u .
Dxtanu=(se:2u)DXu . Dxcotu=(—csczu)Dxu .

D, seau =( sea tan)D,u . D, cscu =(-csa cot)D,u .

Example (8): Page (142)

ity =cos( 5)(3) find D,y and DSy .

Solution

y = cos(5 x3)

* Using the formula for Dx COSU in Theorem (3.35)with U = 5 X3 , we have

D,y =D, cosu

Remember that :

D, cosu=(-sinu) D, u
-sin(5x%)| D, (5%°)

(15x7)

*

—9n(5x3)

—15x2§n(5x3).

* To find szy , we differentiate ny = —15X2 sin (5 X3) : Usingthe

product ruleand Theorem (3.35)ives us

D’y =-15x°D,, sin(5x3)+sin (5x3)DX (—15x2)
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Remember that :

D, sinu =(cosu) D, u

*




= -15x? cos(5x3)DX (5x3)+[ sin( SXB)}(—BOX)

=-15x? [cos(ng) (]5X2)—30X sin(5x3)

= —225x4cos(5x3)— DX sin(5x3) |

Example (9): Page (142)
Find T (x ) it T (x)=tan®4x

Solution

3
* First note that T (X) =tan3 4X = (tan4x) : Applyingthe power rulewith
U =tan4x and N = 3 vyields

Remember that :

[0, [9(x)]" =n[a(x)]"" D g(
f' (x)=3an 4x)” D,tan4x
* Next , byTheorem (3.35)

Remember that :

H D, tanu =(sec,2 u) D u

f'(x)= (3tan 24x)(se(:24x)DX (4x)

= (Btan2 4x)(se:24x)(4)

~thus  f' (x)=| 12tan” 4x sc” 4x |.

Example (10): Page (142)

Find Y' if Y =+/SING X .

Solution
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" — (o 1/2 . .
* Writing Y = (sm 6 X ) and using thepower rule, we obtain

D, [g(x)]" =n[a(x)]"" D, 9(x)

y' =%(sin6x)_1/2 D, sin6x

*

* Next , byTheorem (3.35)
Remember that :

D, sinu =(cosu) D, u

*

y' =%(sin6x)_1/2c036x D, (6x)

=%(sin 6x) ™% (cos6x)(6)

3 COS6 X

\/SIn 6 X

HomeWork Exercises3.4: 3, 9, 15, 29, 39, 43, 57, 67, 73, 81.

3.7 IMPLICIT DIFFERENTIATION : Page (146)
Example (2): Page (148)

Assuming that the equationy4 +3y - 4% = 5x+ 1 determines , implicitly , a
differentiable function f such thaty = f (X) , find its derivative .
Solution
4 3 _—
y  +3y -4x” =5x+1

* We regardy as a symbol that denotek (X ) and consider the equation as an identity for

every x in thedomainof f . Since derivatives of both sides are equale, obtain the
following :
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Dx(y4+3y—4x3):E&(5x+l)

0 (v*)#+D, (2¥)-D, (1) =D, (5x)+D, (1)
4y3y'+3y' —12x% =5+0

* We now solve fory' , obtaining

(4y3+3)y':12x2+5

. _12x% +5
or - 3
4y~ +3
provided4y3 +3 #0.
“Thus,if Y =f (X), then
12x° +5

f'(x)=

4(f (x))° +3

Example (3): Page (148)

Find the slope of the tangent line to the graph Qf4 +3y-4 X3 = 5X+ 1 atthe
point P (1 ,—2) :
Solution
y* +3y -4x® =5x +1

* The slope of the tangent linat P (l ) —2) is the value of the derivativey' when

X=1andy =-2.
* The given equation is the same as thatirample (2), where we found that
_12x% +5

4y> +3

* Substituting 1 for x and —2 for y gives us the following ,Whereyl ] (1 _2) denotes

the value ofy’ whenX =1 andy = -2 :
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+5 [ 17
N 29

Example (4): Page (149)

ity = (X),where f is determined implicitly by the equatiX ~ +y ° =1, find

y'.
Solution

X“+y®=1
* Differentiating both sides of the equation withgpectto x yields

Dx(x2+y2):DX(1)

D, (x?)+D, (y?)=D, (1)
2Xx+2yy' =0

yy' =-X

y' = =2 if y#0|

Example (5): Page (149)
Find y if 4XYy° =X°y+Xx>-5x+6=0.
Solution
Axy> —=x°y +x°> =5x +6 =0
* Differentiating both sides of the equation withspectto x yields
D, (4xy3)+DX (xzy)+DX (XS)—DX (5x)+Dy (6)=Dy (0)
* Since y denotes for some function f , the product rule must be applied to

Dx (4xy3) and Dx (xzy). Thus,

Remember that :

78



g (x)]=f (x)Dxg (x)+g(x) Df (x)

D, (4xy) xDX( )+y3DX(4x)
—4x(3y2y )+y3(4)
=12xy°y +4y°

and Dx(xzy)zxzDX(y)+ny(x2)

=x2y' +y (2x)

* Substituting these expressions in the first equatiof the solution and differentiating the
other terms leads to

(12xy2y'+4y3)—(x2y'+2xy)+3x2—5 =0

* Collecting the terms containing' and transposing the remaining terms to the rightls of
the equation gives us

(12xy2 —xz)y' =5-3x°+2xy-4y*

5-3x°+2xy —4y*>
12Xy 2 —x?

* Consequently, Y '

provided 12 X y2 -x% %20 .

Example (6): Page (150)

Find y it Y = X2 SiNY .
Solution
y =x°siny

* Differentiating both sides of the equation with spect to x and using thproduct rule, we
obtain

Remember that :

(x)]=1 (x)Deg (x)+9(x) Dyt (x)
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D,y =x°D, (siny)+(siny)D, (xz)
«since y =f (X) for some nplicit) function f , we have , bfheorem (3.35)

Remember that :

D, sinu =(cosu) D, u

*

D,siny =syD,y

* Using this equation and the fact thatDX (XZ) =2X , we may rewrite the first

equation of our solution as
D .y = (x2 cos y) D, y+(siny)(2x),
or y' =(xzcosy)y+2xsiny.
* Finally , we solve fory' as follows :
y' —(xzcos y) y =2xsiny
(1 —-X°cos y) y =2xsiny

2Xxsiny
1-x%cosy|

y:

providedl—XzCOS y#0.

Example (7): Page (150)
FMnyy4+3y—4X3=5x+l
Solution
4 3 —
y  +3y -4x” =5x+1

* The equation was considered Example (2), where we found that
_12x° +5

4y3+3
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12x2 + 5
4y3 +3

* We now use thguotient rule, differentiatingimplicitly as follows :

* Hence y" =D, (y' )=DX[

Remember that :

In [T (<) _g(x)Df (x)-f (x)D,g (x)
Dx{g(x)} (0T

(4y® +3)D, (12x? + 5)-( 2x? +5)D, (4y° +3)

y" = (4y3+3)2

=(4y3+3)(24x)—(]2x2-+5)(12y2y')
)

* Substituting for y' yields

(4y3 +3)(24X)‘(12><2 + 5).12y2 £12x2 +5)

4y°> +3

y' = (4y3.+3)2

(4y3-+3)2(24x)—12y2(]2x2-+5)
)

provided4 Y 3+3#£0.
HomeWork :Exercises3.7: 1,4,7,8, 15.
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CHAPTER (4)
APPLICATIONS OF THE DERIVATIVE
4.1 EXTREMA OF FUNCTIONS : Page (166)
Definition (4.1) : Page (166)

Let a function f be defined on an interval , and let X, X denote numbers in .
(i) f isincreasingon | if f (x1)<f (Xz) whenevery, <x, -

(ii) f isdecreasingon | if f (Xl) > f (Xz) whenevery, <x,, -

(iii) f isconstanton | if f (x,)>f (x,) whenevery, <x, .

Figure 4.2

(i) Increasing function {ii) Decreasing function {iiij Constant function

AY 4\ Y Ay

y = flx)

flxy)

—

(%)

[
|
|
|
[
|
|
|
L

jf()ﬁ)

=Y

] S VI
[

Definition (4.2) : Page (167)

=Y

Let a function f be defined on a sef of real numbers , and let be a number inS.

(i) f (C) is themaximum valueof f on S if f (X) < f (C) for everyx in S.

(i) f (C) is theminimum valueof f on S if f (X) > f (C) for everyx in S.

Figure 4.3

Maximum value f (C)
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*If D isthe domain off , then themaximumand minimum values off on D , if they exist ,
are called theabsolute maximunandabsolute minimumof f .

Example (1): Page (168)

Let f (x) =4 —x2. Find the extrema of f on the following iatvals :

@[-2,1].  ®©(-2,1). ©(1,2]. @1,2).
Solution

* The graph of f (a parabola) is sketched with tha@s inFigure 4.5, where the solid portions
correspond to the interval&) - (d).  The extrema in each interval (denoted loyax and
Min) are listed under each graph .

Figure 4.5
f(x)=4-x°
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(a) [-2,1] (b) (—2,1)

4o + A\
B[S N
\ \
i } — —+ I 11—
l i \ X ,,’ 1 \ X
/ L, \ / L \
Max: f(0) = 4 Max: f(0) = 4
Min: f(—2)=0 Min: none
€ 4,2] d) (1,2)
AV +_r
//j f/:\
/ /
A ! T
[ AN
bt e
] L \ X | 1 \ X
/ ' \ / 1 \
Max: none Max: none
Min: f(2) =0 Min: none
Example (2): Page (169)
1
Let f (X) R Find the extrema of f on
X
@[-1,2]. ®)[-1,2).
Solution

* Portions of the graph of f and the extrema onetlgiven intervals are irkigure 4.6.

that f is not continuous at O.

Note



Figure 4.6

f(x)=".
L2
X
(a) [—1,2] (b) [—1,2)
AY A’
—— R e e ——t —F———
X X
L 4
Max: none Max: none
Min: f(2) =% Min: none

Extreme value theorem (4.3): Page (169)

If a function f is continuous on a closed interva[a,b] , then f takes on aninimum

valueand amaximumvalue at least once ir[a , b] :

Definition (4.4) : Page (169)

Let ¢ be a number in the domain of a functiof.

(1) f (C) Is alocal maximumof f if there exists an open interva(a ) b) containing c

such that f (X) <f (C) for every x in (a,b) .

(i) f (C) Is alocal minimum of f if there exists an open interva(a,b) containing c

such that f (X) > f (C) for everyx in (a,b) .

Theorem (4.5): Page (170)
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If a function f has alocal extremumat a number ¢ in an open interval , then either
f! (C) =0 or f' (C) does not exist .

Corollary (4.6) : Page (170)

i f! (C) exists and f' (C) 0 . then f (C) is not alocal extremumof the
function f .

Theorem (4.7): Page (171)

If a function f is continuous on a closed interval[a,b] and has itsmaximum or

minimum value at a numberc in the open interval(a , b) , then either f (C) =0

or ' (C) does not exist .

Theorem (4.8): Page (171)

A number c¢ In the domain of a function f is a critical number of f If either
f (C) =0 or f' (C) does not exist .

Guidelines for finding the extrema of a continuouiinction f on [a,b] (4.9) :
Page (171)

Find all the critical numbers off in (a , b )
Calculate for each critical numberc found in guidelinel.
Calculate the endpoint valuesf (a) and f (b) :

A W N PP

U)
~+

The maximum and minimum values of on [a,b] are the largest and smalle

function values calculated in guidelineg and 3.

Example (3): Page (172)

—v3 . . .
i f (X) =X~ =12X . find the maximum and minimum values of f onehclosed

interval [—3 ,5] and sketch the graph of f.
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Solution
f (x)=x°-12x

* Using Guidelines (4.9), we begin by finding the critical numbers of f. Differentiating
yields

f'(x)=3x?-12 =3(x? -4) = 3(x +2) (x - 2)

* Since the derivative exists for every , the onlycritical numbers are those for which the
derivative is zero - that is,—2 and 2.

* Since f is continuous on[—3 , 5] , it follows from our discussion that the maximuand
minimum values are among the numbers

f(-2),f (2),f (-3),and f (5) .

* Calculating these values (seriidelines 2 and 3) , we obtain the following table .

Values of x Classification of x Function value f (X)

—2 Critical number of f f (_2) =16
5 Critical number of f

_3 Endpoint of [—3 , 5] f (2) =-16
5 | f(-3)=9

Endpoint of [—3 , 5]
f (5)=65
* By guideline 4 , the minimum valueof f on [—3 ,5 Is the smallest function value

f (2) =-16 , and themaximum valueis the endpoint extremum (5 ) =65.
* The graph off is sketched inFigure 4.9.

Figure 4.9
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* The tangent line is horizontal at the point cosponding to each of the critical numbers ,
—2 and 2. It will follow from our work in Section 4.4that T (—2) =16 is
alocal maximumfor f , as indicated by the graph .

Example (4): Page (172)

2/3
i f (X) = (X —1) + 2 . find the maximum and minimum values of f on
[O , 9] , and sketch the graph of f.

Solution
f(x)=(x —1)2/3 +2
* We first differentiate T (X) :

f'(x)=§(x—1)_1/3= 2

3(x-1

)1/3

* To find the critical numbers , we note thaff ' (X) Z0 for every x and that T (X)
does notexistatX =1 . Hencel is the onlycritical numberin [0 : 9] .

* Let us tabulate our work :
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Values of x Classification of x Function value f (x)

1 Critical number of f f (1) =92

0 Endpoint of [O ; 9] _

. | f(0)=3
Endpoint of [0,9] f (9) =6

* Thus , byGuidelines (4.9), f has aminimum value f (1) =2 and amaximum value

f (9) =6 on the interval [0,9] .

* The graph of f is sketched inFigure 4.10 .
Figure 4.10

* Note that

lim f'(x)== and lim f' (x) =00
X -1 X 1%

* Since f is continuous atX =1 | the graph has @&uspat (1 ) 2) byDefinition (3.10).

Example (5): Page (173)

_ 3
if f (X) — X~ , prove that f has no local extremum .

Solution
f(x)=x°
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* The of f is sketched irFigure 4.11.
Figure 4.11

AY

T ..1". e '\“‘.

' - 2 _ _ . —
* The derivative is (X) = 3X“ , which exists for every x and is zero only X =0
Consequently 0 is the onlycritical number.

* However , if X <O | then f (X) is negative , and ifX >0 | then f (X) is positive
Thus , f (O) is neither alocal maximumnor alocal minimum.

* Since alocal extremummust occur at ecritical number (seeTheorem (4.5) , it follows that f
has nolocal extrema.  Note that the tangent line is horizontal ardosses the graph at the

point (O ,O) :

Example (6): Page (173)

Find the critical numbers of f if f (X) = (X +5 )2 3\/X -4

f(x)=(x+5)° (x-4)'"°

* Differentiating f (X) ., we obtain

Remember that :

D, [f (x)g (x)]=f (x)D,g (x)+g(x) D,f (x)

*
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F(x)=(x+5) (x=4)7"+2(x+5)(x-4)"°

* To find thecritical numbers, we simplify T' (X ) as follows :

' - (x+5)2

f (X)_S(x—4)2/3

(x+5)2+6(x+5)(x—4)
3()(_4)2/3
:(x+5)[(x+5)+6(x—4):|

3(x—4)2/3
_(x+5)(7x - 19)
) 3(x-4)""°

+2(x +5)(x —4)1/3

19
* Hence f' (X) =0 it X ==5 or X =7—. The derivativef (X) does not

existat X =4 .

Thus | f hasthethree critical numbers- 517 ,and 1

Example (7): Page (174)
f (X ) =2 Sin X +COS 2 X . find the critical numbers of f that are in thanterval

IEO,ZIT].

Solution
f (x)=2sinx +cos2x
* Differentiating f (X) gives us
f'(x)=2cosx -2 sin2x.

* Since SIN2X = 2 SINX COSX gives us
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f'(x)=2cosx —4 sn xcosx.

=2cosx (1-2sinx).

* The derivative exists for every x , andf "’ (X) =0 if either SINX =— or

cosx =0 .

* Hence the critical numbers of in the interval [O , 2 IT] are

T S5m T 37T
oy .y and T
6 6 2 2
* We sketch the graph of in Figure 4.38 .
Figure 4.38
AY
—+ v = 2sinx + cos 2x
lﬂ/\/—\ /
i 1 i -
T 2o X

HomeWork Exercises4.1: 1, 3,5, 7, 13, 17, 29, 37, 38.

4.2 THE MEAN VALUE THEOREM : Page (177)
Roll's theorem (4.10): Page (177)

If f is continuous on a closed interva[a,b] and differentiable on the open interv:

(a,b) and if f (a) =f (b) , then f! (C) =0 for at least one numberc in
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Figure 4.12

FEx) ) X

fa), | f(b) ..f(a)\ fx) /} f(b) _f'w\ / | f(b)
I | I | - I |

a b X a b X

=Y

Corollary (4.11) : Page (177)

If f is continuous on a closed interva[a,b] and f (a) =f (b) , thenf has at

least one critical number in the open interva(a , b) :

Example (1): Page (178)

Let | (X) =4 X2 —-20x+ 29 Show that f satisfies the hypotheses ofIRol
theorem on the interval[l ,4] , and find all real numbers c in the open intak/(l ,4)
such that T (C) =0. Jlllustrate the results graphically .
Solution
f (x)=4x"-20x + 29
* Since f is apolynomial function, it is continuous and differentiable for every x In
particular , it is continuous on[l ,4] and differentiable on (1 ,4) .

* Moreover ,
f (1)=4-20+29=13
f (4)=4-80+ 29=13
and hencef (1) =f (4) . Thus f satisfies the hypotheses Bblle's theoremon
[1,4].

* Differentiating f (X) , we have
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f'(x)=8x-20.

S
* Setting f' (X) =0 givesus8X =20 ,or X = E . Hence
f' (5) =0 and 1<§<4
2 2
(5
* The graph of f (aparabolg is sketched inFigure 4.13. Since f (E) =0 , the

5
tangent line is horizontal at the verte{E ,4 :

Figure 4.13

20x + 29

Mean value theorem (4.12): Page (179)

If f is continuous on a closed interva[a,b] and differentiable on the open interv:

(a,b ) , then there exists a number in(a,b ) such that
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or , equivalently ,

f (b)-f (a)=F (c)(b-4a).

Figure 4.15

\

Example (2): Page (180)

1 >
Let f (X) - ZX +1. Show that f satisfies the hypotheses of thean value

theorem on the interval[ -1 ,4] , and find a numbers ¢ i6—1 ,4) that satisfies the
conclusion of the theorem . lllustrate the rdssigraphically .
Solution

f(x)=%x2+1

* The quadratic function f is continuous on[ —1,4] and differentiable on (—1 . 4) :
hence , by the mean value theorem, there is a numben (—1 , 4) such that

f (4)_f (_1) —f " (C)

4-(-1)
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C
0,
S
(@]
—h
—~
D
~—~
I
o1
—h
—~
I
=
~—~
I
| O
QD
5
o
—h
~—~

X) —EX gives us

3 1
—==-c, Oor —==—¢C
2 4 2

* Thus, | C = —

)
* The graph of f (aparabolg is sketched inFigure 4.16.  The pointsP (—1,1 and

Q (4,5) correspond to the endpoints of the interva[ —1,4] : The point
3 25
T — , | is obtained by usingdC = — and is the point at which the tangent liné
2 16 2
is parallel to the secant linel PQ -
Figure 4.16

AY

—
P 5 X

Example (3): Page (180)
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— v 3 i
Let f (X) =X~ —8X—=5. showthat f satisfies the hypotheses of thean value

theorem on the interval[l ,4] , and find a numbers c in the open interv(ll ,4) that
satisfies the conclusion of the theorem .
Solution

f(x) =}1XZ +1

* Since f is apolynomial function, it is continuous and differentiable for all reahumbers .
In particular , it is continuous on [1,4] and differentiable on the open interval

(1,4). By the mean value theorem, there is a numlaein (1,4) such that
f (4)_f (1) —f" (C)
4-(-1)
* Using f (4)=27 . f (—1)=—12 , and f (X) :3X2 -8 gives us
27 -(-12)
3
*Thus,C2 =7, or C=\/7. Since—\ﬁ iS not in

=3c°-8, or 13=3c’°-8

the interval (1 ,4) , the desired number iy C = \/7_

Home Work Exercises 4.2: 3,7,11, 19, 25.

4.3 THE FIRST DERIVATIVE TEST : Page (183)
Theorem (4.13): Page (183)

Let a function f be defined or[a,b] and differentiable on(a,b) .
i I1f f' (X) >0 forevery x in(a,b) , then f isincreasingon [a,b] .

(i) If f! (X) <0 for every X in(a,b) , then f isdecreasingon [a,b] :

Figure 4.18
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el e | 8
™ — -

f'(x) =0 fl) <0 1f'(x) >0 flx) <0
fincreasing  f decreasing fincreasing [ decreasing

Example (1): Page (184)
if f (X)=X3 +x%2-5x -5

(a) Find the interval on which f is increasing ahthe intervals on which f is decreasing .
(b) Sketch the graph of f.

Solution
f (x)=x>+x*-5x-5
(a) First we differentiate
f' (x)=3x°+2x-5=(3x+5)(x-1)

* By Theorem (4.13) it is sufficient to find the intervals in which ' (X) > (0 and those in

which f' (X) <0 . The factored form off' (X) and the critical numbers
5 5 5
—§ and 1 suggest the open intervals—00, —3 . —3 ,1 ,and(l,OO) .

* On each of these intervalsf ' is continuous and has no zeros ,and therefofel (X) has

the same sign throughout the interval . Thisgei can be determined by choosing a
suitable test value for the interval .
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* The following table displays our work . Theluas of k were chosen for convenience .

5

we chose K = =2 in interval (—00, —5) , but any number , such ad) or 2 ,
could have been used .

Interval (_m’_%) (_%,1) (1,e0)

K —2 0 2

Test value f (-2):3 >0 f! (0):—5 <0 f (2)=11>0

f (k)

Sign of f' (X) + - +
f isincreasingon f isdecreasingon f isincreasingon
Conclusion 5 5 [1,)
_m! - - 11
3 3

(b) As an aid to sketching the graph df , we shall find the x-intercepts by solving thguation

f (x)=0. since
f (x)=x>+x*-5x-5
=x*(x+1)-5(x+1)
=(x2 —5)(x+1),
we see that the x-intercepts ad5 : -J5 ,and —1.

* The y-intercept isf (O) =-5

: : . 5 40
* The points corresponding to th&itical numbersare _§ ’E and (1 ,—8) :
* Plotting these six points and using the information the table gives us the sketch Fgure

4.19.
Figure 4.19
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— I/I\ ——— P
\i/ >

y = x> + x°

5¢ — 5

Theorem (4.14): Page (185)

Let ¢ be a critical number forf , and suppose is continuous atc and differentiable on
an open intervall containing ¢ , except possibly at itself .

(i) If f changes from positive to negative at , then f (C) is alocal maximumof f .

(i) If f! changes from negative to positive at , then f (C) is alocal maximumof f .

Gip 1 f' (X)>O orif f' (X)<O for every x inl except X =C , then

f (C) is not alocal extremumof f .

Figure 4.20

local maximum f (C)
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(1)

*J’

(i

local maximum T (C)

(i)
AY

Figure 4.21

(N
AY

f (C) is not alocal extremum
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(i)

fi(x) >0

Figure 4.22

(1)
AY




Example (2): Page (186)

i f (X) =X3 +X2 —5 X =5 | find the local extrema of .

Solution

f (x)=x°+x°-5x-5
* This is the function considered ig&xample (1). Thecritical numbersare — — and 1 .

* We see from the table iBxample (1)that the sign of f! (X) changes from positive to

5

negative as x increases through —.

o

* Hence , by the first derivative testf, has alocal maximumat = Thismaximum

) 40

valueis T | ——|=— (seeFigure 4.19 .
3 27

* Alocal minimumoccurs at1 , since the sign off ! (X) changes from negative to positive

as x increases throughh. Thisminimum valueis f (1) =-8.

Example (3): Page (186)

—v1/3 .
i f (X ) =X (8 —X ) find the local extrema of f, and sketch the gidaof f.

Solution
f(x)=x"3%(8-x)
* By theproduct rule,

Remember that :

D, [ (x)g (x)]= (x)Dyg (x)+ (x) D, (x)
(%) =X (<) # (8 -x) X °

*
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_=3x+(8-x) _4(2-x)
3% 213 3X 213
* Hence the critical numbers of are 0 and 2. Asin Example (1), this suggests that
we consider the sign of T ' (X) in each of the intervals(—O0,0) , (O , 2) . and
(2,%)
* Since ' is continuous and has no zeros on each intervave may determine the sign of
f! (X) by using a suitable test valud ' (k ) .

f! (k ); all we need to know is its sign.  Thus, iéwhoosek =3 in (2 ,00) ,
then

It is unnecessary to actually evaluate

oy =4(2-3)
f (X)_3(32/3)

and we can tell , without evaluating , that tmeimerator is negative and the denominator is

positive . Hencef ' (3) <0 , as shown in the following table .

Interval (—oo,O) (0’2) (2,00)
k -1 1 3
Test val : ' '
5 (Vlf‘)”e £ (-1)>0 £ (1)>0 i (3) <0
Sign of f' (X) + + _
Conclusion f isincreasingon f isincreasingon f isdecreasingon
(—0,0] [0,2] [2,)

* By the first derivative test f has alocal maximumat 2 , since f changes from positive
Thus , we have

to negative at2 .

ocaimax: f (2)=2Y3(8-2)=632=7.6

* The function does not have aextremumat 0, since ' does not change sign & .
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* To sketch the graph , we first plot points correswling to the critical numbers . From

—v1/3 :
f (X) =X (8 —X) we see that the x-intercepts of the graph afe and 8 .
The graph is sketched irFigure 4.23.
Figure 4.23

* Note that

limf' (x)=o.

X -0

* Since f is continuous atX =0 | the graph has a vertical tangent line a(0,0) by
Definition (3.9).

Example (4): Page (187)

2
e f ( ) /3 (X -8 ) find the local extrema , and sketch the graph bf

Solution
f (x)=x2’3(x2—8)
* Applying theproduct rule, we obtain
x)] =T (x)Dyg (x)+9(x) Df (x)
£r (x) 2/3(2x) ( 2_8)(§X—1/3j

Remember that :
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6 x> +2(x2 —8) 8(x2 - 2)
= 35 1/3 = 3 U 3

* The critical numbers are the solutions of X2 -2 and Xll3 -that is
—-/2 ,0 ,and~2 . Tnis suggests that we find the sign ' (X) in each of

the intervals(—OO,—\/E) ,(—\/E,O) . (O,\/_Z) , and (\/E ,00) .

* Arrange our work in tabular form , we obtain theoflowing .

Interval (—oo,—\/E) (— 2 ,O) (Oﬁ) (x@oo)

K —2 -1 1 2

) I e e

Sign of — + - +
f* (x)
Conclusion | f isdecreasingon| fisincreasing | fisdecreasing| fisincreasing

(<0, ~v2] |on[-v2.0] | on[0.V2] | on[v2,m)

* By the first derivative test f has alocal minimum at —+/ 2 and /2 and alocal
maximumatO. The corresponding function values give u®tfollowing results .

Local max f (O) =0.
Local min:  f (\/E) =f (—\/5) =—6§/_=—7.6.

* Note that T (O) does not exist.  Since
lim f'(x)=c and Iim f' (x)=-w
X 07 X - 0F

and sincef is continuous atX =0 |, the graph has a cusp E(O ,O) , byDefinition (3.10)

* The graph of f is sketched iRigure 4.24.
Figure 4.24
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Example (5): Page (188)

i f (X ) =X 213 (X 2 -8 ) find the maximum and minimum values of f on daof

the following intervals :

(a) [—1 ﬂ (b)-1,3] . d-3,-2] .
f(x)=x2"? (x2 —8)

* The graph in Figure 4.24 indicates thelocal extremaand the intervals on whichf is
increasingor decreasing

* Figure 4.25 illustrates the part of the graph of f that casponds to each of the intervals
(@), (b), and(c).
Figure 4.25

(a) [—1,%] (b) [—1,3] (e} [-3,-2]

* ¥ y T ¥

| | | | | o | | | | | | | I | 1 k-
I I 1 I I s

-
]

p
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* Referring to these sketches , we obtain the foilogvtable (check each entry)

Interval Minimum value Maximum value
1 1)=-— =
[_1,5} f(-1)=-7 f (0)=0
[-1,3] f(vV2)=-6%2 f(3)=%9
[-3.,-2] f(-2) =434 f (-3) =30

* Note that on some intervals themaximum or minimum value of f is also aocal extremum;
on other intervals this is not the case .

Example (6): Page (189)

1 .
The graphof Y = E X+SsinX for — 27 < X< 277 is sketched in Figure 4.26

Determine the coordinates of the points A ,,BC , and D , which correspond to local

extrema .

Solution
Figure 4.26

AY

* Letting f (X) = EX +SIN X and differentiating , we obtain
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, 1
f'(x)==+ces X
2
* Thelocal extremaoccur if T (X) =0 -thatis , if

1 1
—4+cosx =0, or cCcoOX =-——
2 2

* The solutions of the last equation iI’[O,Zﬂ] are 2771 3 and 471/ 3. These

are the x-coordinates o€ andD . By symmetry (with respect to the origin)hetx-
coordinates ofA and B are—4 77/ 3 and -2/ 3.

* We could now apply the first derivative test ; hewer , it is evident from the graph that points
A and C correspond tdocal maximaand points B and D correspond tdocal minima..
The following table lists the coordinates of thegeints .

Point x-coordinate y-coordinate

A AT a2 2 N3,
3 3 2

B _2_7T=_2_1 —7—T+ —ﬁ =-1.9
3 3 2
3 ' 3 2

D ﬂT=4 5 _2_7T+ _ﬁ =12
3 ' 3 2

Exercises4.3. 5,9, 17, 23, 27.
4.4 CONCAVITY AND THE SECOND DERIVATIVE TEST :
Page (191)

Definition (4.15) : Page (191)

Let f be differentiable on an open interval . The graph off is

. c U o o .
(i) concave upwardn | if f Isincreasingon | .

(i) concave downwaran | if f' isdecreasingon | .
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Figure 4.27 Figure 4.28
Concave upwardyrap Concave downwargraph

1 y A v

/%) > 0: f"(x) <0:
J' increasing f’ decreasing

Test for concavity (4.16) : Page (192)

If the second derivativef " of f exists on an open interval , then the graph off is

(i) concave upwaran | if T" (X) >0 oni.

(i) concave downwaren | if T" (X) <0 oni.

Example (1): Page (192)

—v 3 2 . . :
i f (X) =X~ +X*° —=5X =5, determine intervals on which the graph of f is
concave upward or is concave downward , and illasé the results graphically .
Solution

f (x)=x°+x°-5x-5

* The function f was considered irExample (1)and (2) of the preceding section and is
resketched inFigure 4.29.

Figure 4.29
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SRR, ST R

Concave Concave
downward upward
) X’ + X Sx 3

* Since
f'(x)=3x"+2x-5,
f* (x)=6x+2=2(3x+1).
* Hence [ (X)<O it 3IX+1<0 -thatis, if X <—%. Similarly |

f" (X)>Oif X>—%.

* Applying thetest for concavity (4.16¢ives us the following .

1 1
Interval —00, —— ——,00
( 3) ( 3 )

Sign of " (X) - +

Concavity downward upward

1

* These facts are illustrated iRigure 4.29, where p is the point with x-coordinate™ — .

Example (2): Page (192)
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e f (X ) =SIN X, determine where the graph of f is concave updi@and where it is
concave downward , and illustrate the results graqsdly .
Solution

f (x)=sinx
* Differentiating f (X) twice , we obtain
f'(x)=cosx , f"(x)=-sinx

* Since " (X) = —f' (X) ~we see thatf " (X)<O whenever f (X)>O ;

hence , by thdest for concavity (4.16) the graph isconcave downwardvhenever it lies
above the x-axis .

* Similarly , " (X) >0 whenever f (X) <0 , so the graph isconcave upward
whenever it lies below the x-axis .

* These facts are partially illustrated ikigure 4.30, in which the abbreviationsCD and CU
are used forconcave downwar@and concave upward respectively .

Figure 4.30
AY

y = sinx

r/\ - ; r = . | P
. po S CuU W\_‘/Er X

Definiyion (4.17) : Page (193)

A point (C,f (C)) on the graph of f is apoint of inflection if the following two
condition are satisfied :
(i) f is continuous atc .

(i) There is an open interval (a,b) containing ¢ such that the graph isoncave

upwardon (a,c) andconcave downwardn (C . b) , Or vice versa .

Figure 4.31
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ch  Cl
Second derivative test (4.18) : Page (194)
Suppose thatf is differentiable on an open interval containing and that
o f" (C) <0 , then f has alocal maximumat c.
Gy 1 " (C) >0 , then f has alocal minimumat c .
Figure 4.32 Figure 4.33
local maximum f (C) local minimum f (C)
AY AY

P(c, f(c)) e} = 0

=Y
Y

Example (3): Page (194)

— 2 4 L :
i f (X ) =12 + 2X° — X", use the second derivative test to find the loegirema of
f. Discuss concavity , find the points of iafition , and sketch the graph of f.
Solution
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f(x)=12+2x? -x*
« Differentiating f (X ) twice yields
f' (x)=4x-4x° = 4x (1—x2)
£ (x)=4-12x? =4(1-3x?).
* The expression forf ' (X) is used to find theritical numbers 0,1 ,and =1 .
* The values of T " at these numbers are
f*(0)=4>0 , f''(1)=-8<0, and f"(0)=4>0

* Hence , by thesecond derivative testthe function has aocal minimum at 0 and local
maximaat 1 and —1 .

The corresponding function values aré (O) =12 and f (1) =13 =f (—1) :

* The following table summarizes our discussion .

Critical number c fr (C) Sign of f" (C) Conclusion
-1 -8 - local max: f (—1) =13
0 4 +

local min:; f (O) =12
local max: f (1) =13

-8 -
1

* To locate the possible points of inflection , wehs the equationlc ! (X) =0 (that is ,
2 / /
4 (1 -3X ) - O) , Obtaining the solutions — 343 and 3+ 3. we next

examine the sign of f " (X) in each of the intervals

(-0, —v373), (-V37/333/3), and (V3/3,e).

. 1 . . .
* Since | IS continuous and has no zeros on each intervale may use test values to

determine the sign off " (X) . Let us arrange our work in tabular form a®iiows .
The last row is a consequence @f.16).
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Interval (-=.-v373) |(-v3/3.373)| (V3/3,%)
K -1 0 1
Tfe,?t(vli"s'e f" (-1)=-8 £ (0)=4 £ (1)=-8
Sign of f" (x) - + -
Sy downward upward downward

+ Since " changes sign at —-3+4/3 and 3\/§ , the corresponding points

(i\/§/ 3,113/ 9) on the graph are points of inflection .  Thesee the points at

which the concavity changes .

As shown in thele , the graph isoncave upwardn the

open interval (—\/5/ 3,\/§/ 3) and concave downward outside of
[—\/5/ 3,4/3 /3] . The graph is sketched iRigure 4.34 .

Figure 4.34

Example (4):

i f (X) =X5 -5 X3, find the local extrema of f .

Ay

-
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Page (195)

[
|
e
=Y

Discuss conayv, find the

points of inflection , and sketch the graph of f.
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f (x)=x>-5x°
* We begin by differentiatingf (X) twice :
f'(x)=5x"-15x" = 5x2(x2—3)
£ (x)=20x" - 30x = Dx (2x? -3).

* Solving the equation f' (X)—O gives us the critical numbers

0 ,-\/§ ,and \/5 . We obtain the following table .

Critical number c | " (C) Sign of " (C) Conclusion
-3 -30/3 B local max; f (—\/5) =6+/3
0 none
0 + No conclusion
\/g 30\/§ local min: f (\/I) = —6\/§

* Since " (O) =0 , thesecond derivative tess not applicable atO , and so we apply the

first derivative test We can show , using test values , that ifv/3 < X <O | then
f (X) <0 andif0 <x < \/§ then f' (X) <0. Since ' (X) does

not change sign , there is no extremum Xt = 0

* To find possible points of inflection , we consrdihe equation f" (X) =0 - that is :
10x (ZX 2 - 3) =0 . The solutions of this equation , in ordef magnitude , are

—\/6_/ 2.0 ,and \/6_/ 2 . We construct a table .

Interval (-oo,—\/E/ 2) (—\/g/ 2,0) (O,\/gl 2) (\/g/ 2,00)
K —2 -1 1 2

Test value ~100 10 -10 100

t* (k)

Sign of - + - +
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f* (x)

Concavity downward upward downward upward

* The sign of f " (X) changes at—\/g / 2,0,and \/g | 2, soit follows that the

points (0,0) , (6 /2,216 1 8) , ana (V6 / 2,-21/6 1 8)

are points of inflection .  The graph is sketahén Figure 4.35 , with different scales on
the x- and y-axes .  The x-intercepts feand 5 =22 .
Figure 4.35

S S0 B 0

| 2T o e O

I N O (O
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Example (5): Page (196)

— 1/3 : o :
i f (X) =1-X , find the local extrema . Discuss concavity, dirthe points of
inflection , and sketch the graph of f.

Solution
f(x)=1-x3
* Differentiating f (X) twice yields
. 1 -2/3 1
f (x)——gx ==
3X
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" 2 - 2
f (X)=§X 5/3=W.
9x
The first derivative does not exist aX =0 , and 0 is the onlycritical number for f .
Since " (O) is undefined , thesecond derivative te$¢ not applicable . However , if

X Z0 , then X2/3 >0 and f' (X)=—1/ (3X2/3) <0 , which means

>(.

>(.

that f is decreasingthroughout its domain . Consequentlyf, (O) is not alocal
extremum.
Using test values gives us the following table .
Interval (—00,0) (0, 00)
Sign of " (X) - +
Concavity downward upward

* The concavity changes atX = O and f is continuous at0 |, so the point(o ,1) is a
point of inflection.

>(.

The graph is sketched ifrigure 4.36. Note that there is a vertical tangdire at
(0,1) _sincef is continuous atX =0 and lim ‘f' (X) — 00 |
X -0
Figure 4.36
AY
-4
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Example (6): Page (197)

213
it f (X ) (5 + X), find the local extrema . Discuss concavity, dinhe points

of inflection , and sketch the graph  of f.
Solution

f(x)=x""7(5+x)
* Writing f (X) =5X 213 + X °/3 and differentiating twice gives us the following :

=200 S0 5(20%)

3 3 _3 X1/3

f" (X)=—-—"-X +——X = .
( ) 9 9 0] X4/3

* Referring to f' (X) we see that theritical numbersfor f are =2 and 0.  we
apply thesecond derivative testas indicated in the following table .

Critical number ¢ (—°°,0) (0 ,°°)
Sign of f" (C) - none
NN Local max: \ s
onclusion o conclusion
f (-2)=(=2)*'3(3)=48

* Since thesecond derivative tes$ not applicable atC = O, letus apply thdirst derivative
test.  Using test values , we see that the sign b (X) changes from — to + at

C =0 . Hencef has alocal minimum at (O ,O) .

* To determine concavity , first we note thaf " (X) =0 atx =1 and " (X)

does not exist alX =0 . Next we examine the sign off " (X) for the cases
X<0,0<x<1,and x>1. Using test values forf " leads to the
following table .
Interval (—00,0) (0,1) (1,00)
Sign of " (X) - - +
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Concavity downward downward upward

* We see from the table that the graph 6f has a point of inflection at(l ,6 ) , but not at
(O ,O) . The graph is sketched frigure 4.37.
Figure 4.37

AY

* Note that

lim f' (x)=- and lim f' (x)=o0
X »0" X - 0"

* Since f is continuous atX =0 |, the graph has a cusp a(to ,O) by Definition (3.10).

Example (7): Page (197)

it f (X ) =2 SIN X +COS 2 X, find the local extrema and sketch the graph ofoh the
interval [0 , 2771 .

Solution

f (x)=2sinx +cos2x
* We differentiate f (X) twice :
f'(x)=2cosx -2 sin2x
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f* (x)=-2sin x —4cos2x .

* In Example (7)of Section 4.1we found that the critical numbers off in the interval

[0,271] aerr/ 6 ,5m/ 6,7/ 2 ,and 377/ 2,
* Substituting theseritical numbersfor x in T (X ), we obtain
f* (m/6)=-3 , f" (5m/6)=-3,
f'(m/ 2)=2 , f" (3m/2)=6.

* Applying thesecond derivative testwe see that there arecal maximaat 77 / 6 and
571/ 6 andlocal minimaat 77/ 2 and377/ 2 . Thus, we have

Local max: f (77/6)=3/2 and f (57/6)=3/2
Local min: f (77/ 2) =1 and f (377/2)=-3

* Using this information and plotting several morejmts gives us the sketch frigure 4.38.

Figure 4.38
AY
-+ y = 2sin x + ¢os 2x
l—/‘\/\ /
i 1 } >
i 2m X

Exercises 4.4: 13, 19, 25, 31.

4.5 SUMMARY OF GRAPHICAL METHODS : Page (199)

Guidelines for sketching the graph of Y = f (X) (4.19) :

Page (200)
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1 Domain of f
Find thedomainof f -thatis, all real numbers x such thit (X) is defined .

2 Concavity of f

Determine whetherf is continuous on its domain , and , if not , finand classify the
discontinuities .

3 x- and y-intercepts
The x-interceptsare the solutions of the equatioric (X) =0 ; the y-interceptis the
function value f (O) If it exists .

4 Symmetry

If f is aneven function, the graph is symmetric with respect to the ysaxi If f is an
odd function, the graph is symmetric with respect to the onigi

5 Ciritical numbers and local extrema
Find T’ (X) and determine theritical numbers— that is , the values of x such that
f! (X) =0 or f' (X) does not exist . Use the first derivative testelp find
local extrema. Employ the sign off ' (X) to find intervals on whichf is increasing

( f' (X) > O) or is decreasini f' (X) < O) : Determine whether there are

corners or cusps on the graph .
6 Concavity and points of inflection

Find " (X) , and use the second derivative test whenever apate . If
f" (X) >0 on an open interval | , the graph isconcave upward. If

f" (X) <0 , the graph isconcave downward If f is continuous atc and if
f" (X) changes sign at , then P (C,f (C)) is a point of inflection .

7 Asymptotes
Horizontal : 1 lIm f (X) =L or lim f (X) =L ,thentheliney =L
X - 00 X - —00

Is a horizontal asymptote .

Vertical - If  lm f (X) or Im f (X) is either 00 or —00 | then the line
+ —
X =a is a horizontal asymptote .
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Example (1): Page (200)

_2x°
if f (X ) — — 5 , discuss and sketch the graph of f.
2
9 -xX
Solution
2x°

We shall followGuidelines (4.19)
* Guideline 1

The domain off consists of all real numbers except3 and3.
* Guideline2

The function f has infinite discontinuities at—3 and 3 and is continuous at all other real
numbers .

* Guideline 3
To find thex-intercepts, we solve the equatiorf (X) =0 , Obtaining X = 0. They-

interceptis f (O) =0. Therefore , the graph intersects both the xisvand the y-axis
atthe origin.
* Guideline4

Since f (—X) =f (X) , f is aneven functionand the graph is symmetric with respect
to the y-axis .
* Guideline5

We differentiate f (X) :

o 608 ()01 (x)~f (<)D,g (x)

“La(x)] (g (x)]?
(9—x2)(4x)—2x2(—2x) 36 %

(9—x2)2 (9—x2)2

=
—~
X
I
I
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Since T (X) =0 it X =0 ,0 isacritical number.  The numbers—3 and 3
are not critical numbers because they are not iretdomain off .
Using test values gives us the following table .

nterval | (,=3) | (=3.0) (0.3) (3.)
Sign of - - + +
f*(x)

Conclusion | fisdecreasing | fisdecreasing| fisincreasing | fisincreasing

The sign of the derivativef ' (X) changes from negative to positive aX = 0 , SO , by
thefirst derivative test f (O) =0 s alocal minimumfor f.
* Guideline6

We differentiate f ' (X) ;

” _(9—x2)2(36)—( 6x)(2)(9 -x?) (~2x)
f (X)_ 5\
(9-x%)

_ 108(x + 3)
o-r')

3
1] 2
The numerator is always positive , so the s'cg‘nf (X) is determined b>(9 =X )

Using test values gives us the following .

Interval (—00,-3) (-3.3) (3,00)
Sign of " (X) - + —
Concavity downward upward downward




Sincef is not continuous at—3 OF 3, there are no points of inflection.  As a cheon
local extrema (seguideline 5 , we note thatf " (X) >0 , and hence , by theecond

derivative test f (O) =O is alocal minimum.

* Guideline7
To find horizontal asymptoteswe use the methods Bection 2.4, obtaining
. 2x? . 2%
l[im —2=—2 and lIm —2=—2
Thus, the liney = —2 is a horizontal asymptote .

Thevertical asymptotesorrespond to the zeros of the denominafdr— X 2 and hence are
X =-3and x =3 .

Using the results of the guidelines and refergrio the table developed froguideline 5to
obtain the behavior of f near the vertical asyrofes (X — 13) gives us the sketch in
Figure 4.40.

Figure 4.40

AY
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Example (2): Page (202)
if T (X) - , discuss and sketch the graph of f.
X =X=-2
Solution
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We shall followGuidelines (4.19)
* Guideline 1

The denominator equals(X -2 ) (X + 1) , SO the domain off consists of all numbers

except—1 and 2 .
* Guideline2

The function f has infinite discontinuities at—1 and2 and is continuous at all other real
numbers .

* Guideline 3
To find thex-intercepts, we solve the equatioﬁf (X) =0 , Obtaining X = 0. They-

interceptis f (O) =0. Therefore , the graph intersects both the xisvand the y-axis
atthe origin.

* Guideline4
Since f isneitherevennor odd, the graph is not symmetric to the y-axis orth® origin .

* Guideline5

We differentiate f (X) :

Remember that :
_F()]290)D, (x)= ()0, (x)
X - 2
g(x) [9(x)]
(x2 —x—2)(2x)—x2(2x—1)_ X (x +4)
(xz-—x-—2)2 (xz-—x-—Z)2
Since ' (X) =0 gives us thecritical numbers 0 and —4. The zeros of the

denominator , —1 and 2 are not critical numbers since f (—1) and f (2)
do not exist .

fr(x)=

Using test values gives us the following table .

interval | (~e,=4) | (=4,-1) | (-1,0) | (0.2) | (2,

125



Sign of - + + - -

f(x)

Conclusion fis fis fis fis fis
decreasing | increasing | increasing | decreasing| decreasing
8
By the first derivative testf, has alocal minimum f (—4) — — and alocal maximum
f (0)=0.
* Guideline6

We will not discuss concavity or find pointsioflection .  You may wish to verify that
2 (x S +6X° + 4)
- 3
(x Z—x-2 )
To solve the equatioric ! (X) =0 , we must solve the cubic equation

x> +6XxX°+4=0.

It can be shown that this equation has one reabt r .  To the nearest tenthl, = -6.1

The point of inflection is approximatel( —6.1,0.9) slightly higher than the low

8
(minimum) point (—4 ,—j :

9
* Guideline7
To find horizontal asymptoteswe consider
. X 2 . X 2
im — =1 and Iim — =1
X>oxX=X=2 X>—0x =X =2

Thus , the graph has a horizontal asymptol = 1.
Thevertical asymptoteare obtained from the solusion of the equati()ﬁ2 -x-2=0
, so they areX = —1 and x =2 .

Using the preceding results and referring to tteble developed frorguideline5 to obtain the
behavior of f near thevertical asymptoteteads to the sketch iRigure 4.41.

Figure 4.41
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The graph intersects theorizontal asymptotey = 1. To find the x-coordinate of the

point of inflection, we solve the equation]c (X) =1 asfollows :

2
2X =1
X =X=-2
X> =X =X=2
X ==2

Hence the point of inflection is( -2 ,1) :

Example (3): Page (203)

X% -9
if T (X ) - ﬁ , discuss and sketch the graph of f.
X —

Solution
X% =9
f(x)=2——
(X) 2X =4

We shall followGuidelines (4.19)
* Guidelinel and 2

The domain of f consists of all real numbers except = 2 , where there is an infinite
discontinuity .
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* Guideline3

Thex-interceptsare —3 and3, and they-interceptis f (0) =

| ©

* Guideline4

The graph is symmetric with respect to neithkety-axis nor the origin .
* Guideline5and 6

You should verify that

()] g (D, () ()P, ()
“Lo(x) [9(x)]°
Ly X2 —4AXx+9 . _
f (X)_IZ(X-Z)Z and f" (x)= (x-2)

Since T (X) Z0 for every X Z 2 , there is ndocal extrema(seeCorollary (4.6) .

Since T " (X)>O if X <2 and T" (X)<O if X > 2 ,the graph of f is

concave upwarcn (—00, 2) and concave downwaraen (2 , 00) . There is no
point of inflection
* Guideline7

2
The degree of the numeratoX =~ — O is greater than that of the denominato? X —4
so there is arobliqgue asymptotand we use long division to expresf (X ) as follows :

x> -9 (1 5
— = X+l |-——
2X =4 2 2X =4

From the discussion preceding this example , tiee Y = —X +1 s an oblique

asymptote

Since the graph has anblique asymptote there is nohorizontal asymptote  There is a
vertical asymptote X = 2 corresponding to the zero of the denominatat X —4 .

Representing the asymptotes by dashed linesttipf the intercepts , and using the other
information obtained by following the guidelines\ggs us the sketch iRigure 4.42.
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Exercises4.5:
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15,19, 3
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CHAPTER (5)
INTEGRALS
5.1 ANTIDERIVATIVE AND INDEFINITE INTEGRALS :
Page (240)

Definition (5.1) : Page (240)

A function F is anantiderivativeof f on an interval | if F' (X) =f (X) for every
X in .

* We shall also call F (X) an antiderivativeof f (X ) . The process of findind- , or

F (X ) . is called antidifferentiation .

* To illustrate , F (X) =X 2 is an antiderivative off (X) =2X , because

= (x):DX(xz):Zx:f (x).

5 9
* There are many otheantiderivativesof 2 X , such asX 2 +2, X+ § , X 2 +/3
In general , If Cis any constant , then is amtiderivativeof 2 X , because

D, (x2 +C)=2x +0 =2x .

* Thus , there is a family of antiderivatives of X of the form F (X ) =X 2 +C |, where
Cis any constant. Graphs of several memberghed family are sketched ifrigure 5.1.
Figure 5.1
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| | | | F
& X
ILLUSTRATION : Page (240)
f (X) Antiderivativeof f (X)
1 1 1
Y —x® , =x°48 , =x°*+C
3 3 3
» 8x°3 2x* . 2x*=37 . 2x*+C
« . . 4 .
SN sinx 5|nx+5 . SInx +C

Definition (5.2) : Page (240)

Let F be anantiderivativeof f on anintervall . If G is any antiderivative of f on ,
then

G (x)=F (x)+C

For some constantC and every x inl .

Definition (5.3) : Page (241)

The notation
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[f(

where F' (X) =f ( ) and C is an arbitrary constant , denotes the family aff

dx

antiderivativesof on an intervall .

F (x)+C

Brief table of indefinite integrals

(5.4) :

Page (242)

Derivative

Dy [ (x)]

Indefinite integral

[Dx[f (x)]dx=f (x

)+C

Dy X)=

( 1
5 Xr+1
X1r+1

« (sinx) =cosx

« (—cosx) = sinx
(

J=xIr+1 (r 2-1)

x" dx =

. [ 1 dx Idx =x+C

+
Xrl

r+1

+C (r #-1)

[ cosx dx =sinx +C

[ sinx dx =—cosx + C

[ se x dx =tanx +C

[ cs? x dx =—-cat x +C

[ secx t @ x dx =secx + C

cscx cotx dx == csx +C

ILLUSTRATION :

Page (242)

*ng

1 _
*j;;dx=fx3dx=

.x5dx=jx8dx=

X8+1

X—3+l

—3+1_

8+1_
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2/3+1 3
IV dx—jx2’3dx— 5 = “x°/'3 +C
—+1 >
3
*Itanx dx =jcosx SINX 4x = jsmxdx- —cosx + C|.
secx OSX

Theorem (5.5): Page (243)

(i)_[ |:Dxf (x)] dx =f (x)+C .
iy D, Uf (x)dx]=f (x) .

Example (1): Page (243)

—_y 2
Verify Theorem (5.5) for the special cask (X ) =X".

Solution
2
f(x)=x
2
(i) If we first differentiate X =~ and then integrate ,

I[DX (xz)}dx=j2x dx =| x* +C |.

(ii) If we first integrate X 2 and then differentiate ,

3
D, | x* dx:DX(X3+C): X,

Theorem (5.6): Page (243)

(i) I Cf dX CI f dX for every constantc .

(..>j[f ]dx jf ) dx+[ g(x
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(iii)_H:f (X) :|dx If dx _[g

Example (2): Page (244)

Evaluate | (5 x> +2cos x) dx

Solution
* We first usg(ii) and (i) of Theorem (5.6)and thenformulas from (5.4):

I(5x3 +2cosx) dx = [ 5x” dx+] 2cosx dx
=5 [ x* dx + 2] cosx dx

X4

=5|-+C, +2(sinx +C,)

=%x4 +5C, +2sinx + 2C,

gx4+2§nx+c

whereC = 5C1 +2C2

Example (3): Page (244)

Evaluatej (8'[3 —6\/f+i3) dt.

t

Solution
* First we find anantiderivativefor each of the three terms in the integral andeth add an

arbitrary constantC.  We rewriten/T as { 12 and1 1 t2 as t ™2 and the use the
power rulefor integration :

Remember that :
n-1

" = nx
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t3

—Bi— {372 £+C
4 3/2) -2

=| 2t* —4t3’2—2ti2+c

Example (4): Page (244)

X 2 —1)2

X2

dx.

Evaluate j

Solution

* First we change the form of the integrand , becauthe degree of the numerator is greater
than or equal to the degree of the denominator . We then find anantiderivativefor each
term , adding an arbitrary constanC after last integration :

I (X2 _1)2 dx = x*—2x%+1

dx
X ? X 2
= (x2 2 +X 2) dx
3 -1
X
=2 —ox+>—+C
1
= =x° -2x-=+C
3
Example (5): Page (245)
1
Evaluate I du.
COS U cot u
Solution
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* We use trigonometric identities to change the igitad and the applyormula (7) from Table
(5.4):

1
j (h1=jseajtan1du
cosu cotu

= seau +C

Exercises5.1: 3,7,19, 21, 27, 41.

5.2 CHANGE OF VARIABLES IN INDEFINITE INTEGRALS:
Page (250)

Definition (5.7) : Page (251)

[ (a(x)) o' (x)dx =F (g (x))+C
If u=g(x) anddu=g'(X)dX,then
[f(u)du=F (u)+C.

Remember that :

5 F(800)=1 (s0)) o (x)
Example (1): Page (252)

Evaluate _‘- VB X +7 dx.

*

Solution

j¢5x+7dx

* The integral may be written as iRormulas from (5.4) (2) by using thesubstitution

u=5x+7

du=5dx = :5Ldu =dx

* We proceed as follows :
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[VBx+7 dx=éj\/fldu

=é-"ul/2du

Remember that :
r+1

*

+C (r#-1)

X
_[xrdx—r_l_1

3/2
:i u +C
5[3/ 2)
=2 312 4c

15

2
3/ +C |

= %(5x+7)

Example (2): Page (252)
Evaluate I cos4 x dx.

Solution

[ cos4x dx

* The integral may be written as iRormulas from (5.4) (3) by using thesubstitution

u=4x

1
du=4dx = —du=dx
4
* We proceed as follows :

cos4x dx =—| cosu du
I |

Remember that :
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*

j cosdx= sinx+ C

= lsinu +C
4

1sin4x+C
4

Guidelines for changing variables in indefinite iegrals (5.8) :
Page (253)

1 Decide on a reasonable substatidd = (J (X) :

2 Calculate dU = Q' (X) dx .

3 Using 1 and 2, try to transform the integral into a form that wolves only the variabl
u. If necessary , introduce a constant fact@r into the integrand and compensate py
multiplying the integral by 1/k . If any part of the resulting integrand conitas the
variable x, use a different substitution iA .

4 Evaluate the integral obtained i , obtaining an antiderivative involving u .

5 Replace u in the antiderivative obtained in guideling! by (J (X) . The final result
should contain only the variable x .

Example (3): Page (253)

Evaluate_[ (2 X3 + 1)7 X2 dx.

Solution
| (2x3 +1)7 x 2 dx

* The integral may be written as iRormulas from (5.4) (2) by using thesubstitution

u=2x°+1

1
du=6x%dx = —du=x?dx
6
* We proceed as follows :
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j(2x3 +1)7 X ° dx=éju7du

Remember that :

r+l1
*

X
Ierx_r+1

8
£u_+C

418(2X3 +1)8 +C |-

+C (r #-1)

Example (4): Page (254)

3
Evaluate I X \/; -6 X2 dx.
Solution

jx37 -6x2 dx

* The integral may be written as iRormulas from (5.4) (2) by using thesubstitution

u=7-6x2

du =-12xdx = —1du=xdx
12

* We proceed as follows :
[ xX7 -6x? dx =—%I Su du

=-1 [ut3 4y
12

Remember that :
r+1

*

j'xrdxzx

el +C (r#-1)
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__ 1 a8 0
16
4/ 3
= —i(7— x2) +C
16
Example (5): Page (254)
2
X =1
Evaluatej 5 dx.
(x3 —3x+1)
Solution
2
-1
[— 5 dx
3
(x —3x+1)

* The integral may be written as iRormulas from (5.4) (2) by using thesubstitution

u=x°>-3x+1

du =(3x2 —B)dx

du=3(x2—1)dx = ;du=(x2—1)dx

* We proceed as follows :
X2 -1 1I 1
(X3 -3X +1)6 37u

=1 u™® du
|
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Remember that :
r+1

[ x dx—X

)
sl

+C (r #-1)

= +C
15( 3x+1)
Example (6): Page (254)
COS\/j(
Evaluate j d
Jx
Solution

COS\/7

=

* The integral may be written as iRormulas from (5.4) (3) by using thesubstitution
u=+X
1

du = —dx =  2du = —dx

2./x Jx

* We proceed as follows :

I COS\/_
Jx

dx = chosu du

Remember that :
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*

jcos dx= sinx+ C
=2sinu +C

= Zsinx/;+C

Example (7): Page (255)

Evaluate j COS3 5x sin5 x dy.

Solution

[cos®5x sin5x dx = [ (cos5x)” sirb x dx

* The integral may be written as iRormulas from (5.4) (2) by using thesubstitution

U =C0SH X

du=-5sin5xdx = —:5Ldu =sn 5xdx

* We proceed as follows :

_[cosSSX sin5 X dx=—%ju3 du

Remember that :

Xr+1
. jxrdx=r+1+C (r£-1)
4
(4

—icos4 5Xx +C
20

Exercises5.2: 1,5, 7,13, 25.

5.4 THE DEFINITE INTEGRAL : Page (266)
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Definition (5.16) : Page (270)

Let f be defined on a closed intervE\a,b] . The defined integral of f froma to b,
b

denoted by‘[ f dX
a

?f (x)dx = FI)ir£1OZf (W, ) 4%, .

provided the limit exists .

Figure 5.14

AY

Definition (5.17) : Page (271)

d C
it ¢>d . then [ f (Xx)dx=~[f (x)dx.
© d

Definition (5.18) : Page (271)

If f( thenIf dX =0 .

Definition (5.19) : Page (271)
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If f is integrable and f (X) >0 forevery x in [a,b] , Then the areaA of the
region under the graph off from a to b is

A=?f (x)dx .

Figure 5.16

Exercises54: 1,5and?7.

5.5 PROPERTIES OF THE DEFENITE INTEGRAL :
Page (275)

Theorem (5.21): Page (275)

If ¢ isareal number, then
b
[cdx =c(b-a).

a

Figure 5.21
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a b X

Example (1): Page (275)
3

Evaluate I 7 dx.
-2

Solution
* Using Theorem (5.21yields

?f 7 dx=7[3-(-2)]=7(5)=[35].

Theorem (5.22): Page (276)

If f is integrable on [a,b] and c is any real number , then cf isintegrableon

[a,b] and

kjcf (x)dx=c?f (x) dx

Theorem (5.23): Page (276)

If f and g are integrable on [a,b] ,then T + g and i — J are integrable on
[a,b] and

(i)l_)”:f(x) (x)]dx = jf dx+jg ) dx .
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b

ao?[f(x)—g(x)]dx==?f(x)dx—j'g(x)dx.

a

Theorem (5.24): Page (277)

f a<C<Db andif f isintegrable on [a,c] and [C,b] , then f is integrable on
[a,b] and

b C b
[f(x)dx=]f(x)dx+[f(x)dx.
a a C

Figure 5.22

g

y = flx)

Theorem (5.25): Page (277)

If f isintegrable on a closed interval and ifa , b , andc are any three numbers in thE
interval , then

b= e e,

a

QD e O

Theorem (5.26): Page (278)

If f isintegrable on [a,b] and f (X) >0 forevery x in[a,b] , then
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?f (x)dx =0 .

Theorem (5.27): Page (278)

If f and g areintegrable on [a,b] and f (X) 20 (X) for every x in[a,b]
, then

Example (4): Page (278)

2 2
Show that | (x2 +2) dxz [ (x-1) dx.
-1 -1
Solution

* The graphs of Y = X > 4 2 and Yy =X-— 1 are sketched ifFigure 5.23.

Figure 5.23
AY

* Since
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X°+22x-1

for every x in[ —1, 2] , the conclusion follows fronCorollary (5.27).

Mean value theorem for definite integrals (5.28) : Page (279)

If f iscontinuouson a closed interva[a,b] , then there is a number z in the open

interval (a,b) such that

if (x)dx =f (z)(b-a).

Figure 5.26

Ay

v = f(x)

—-—
¥

Example (5): Page (280)

' 2
It will follow from the results of Section 5.6 Hi I X< dX =9 . Findanumber z that

0
satisfies the conclusion of the mean value theorn8) for this definite integral .

Solution

—_ v 2 . -
* The graphs of T (X) =X for0 € X < 3 is sketched irFigure 5.27.
Figure 5.27
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* By the mean value theorem , there is a numbebetween0 and 3 such that
; 2 2
[x?dx=f(z)(83-0)=27(3)
0
* This implies that
9=3z°, o z°=3
* The solution of the last equation areZ = i\/3 : however ,—\/3 IS not in [0 ,3] )

The numberZ = \/3 satisfies the conclusion of the theorem .

* |If we consider the horizontal line througI'P (\/3 ,3) , then the area of the rectangle

bounded by this line , the x-axis , and the line¥ =0 and X = 3 is equal to the area
under the graph off from X =0 to X = 3 (seeFigure 5.27) .

Exercises5.5: 5,11, 17.
5.6 THE FUNDAMENTAL THEOREM OF CALCULUS :

Page (282)
Fundamental theorem of calculus (5.30) : Page (282)

Supposef iscontinuouson a closed interva[a,b] :

Part |  If the function G is defined by
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G (x)=|f (t)dt

QD Sy X

for every x in [a,b] , then G is an antiderivative off on [a,b] .

Part Il If F is any antiderivaive off on[a b] , then

jf )dx =F (b)-F (a) .

Figure 5.28

Corollary (5.31) : Page (284)

If f iscontinuouson [a b] and F is anyantiderivativeof f , then

jf )dx =F (x)]. =F (b)-F (a).

Example (1): Page (285)
3

Evaluate J. (6 X2 —5) dx.
-2

Solution
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* An antiderivativeof 6 X 2 - 5isF (X) =6 X 2~ S . ApplyingCorollary (5.31),

we get

T (6x2 —5)dx =[2x3 —5x:|i2

-2
Remember that :
Xr+1
[ x"dx = +C (rz-1)
r +1

=12(3)" -5(3)|-| 2(-2)" -5(-2) ]

=[54 - 15]-[-16- 1] =[35].

Theorem (5.32): Page (285)

tf) f (x)dx =Uf (x) dx]Z

Example (2): Page (285)
Find the area A of the region between the graph oy = SIN X and the x-axis from
X=0t X=17T.

Solution

* The region is sketched iRigure 5.31.
Figure 5.31
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] ""/\1\ nx

g A

* Applying Theorem (5.19|nd (5. 32)gives us the following :

A=7stinx dx =U dn X dx]g
0

Remember that :

jsin Xdx = —cos x+ C

*

= [—cosx]g

= —cosr—(—-cosQ

Remember that :
cosO=1 , cogr=- ]

=-(-1)-(-1)=[2].

*

Example (3): Page (286)
2 2
Evaluate I (X3 +1) dx .
-1

Solution
* We first square the integrand and then apply thewer ruleto each term as follows :
Remember that :

(a£b)’ = a® + 2ab+ If

*
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2 2
j (x3 +1)2 dx = j (x6 +2x° +1) dx
-1 -1
Remember that :
Xr+1
*j'xrdxz +C (rz-1)
r +1
C 7 4 72
= X—+2.X—+x
7 4
_ d-1
DY 4 i 1Y _1\#
— 2—+2 2—+ —{( 1) +2 (-1) +(-1)
_7 ] 7 4
_[405
114
Example (4): Page (286)
4 32
Evaluatej (5 X = 2\/;"‘—3) dx .
1 X
Solution
4
j(Sx—2&+%)dx
1 X

* We begin by changing the form of the integrand that thepower rulemay be applied to each
term . thus,

Remember that :
r+1

*

X
jerx_r+1

4 2 3/2 -2\1%
{(5X —2\/;+j§)dx=|:5(sz—2();/ 2J+ 32()(_2H

1

HC (1 2=l
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=_§x2 4 32 16}4
| 2 3 X2 1
(5, \v2 4, 3/2 16 5 4
=2 (4) -2(4) " -=|-| =---16
_2() 3(4) 42} [23 }
_[259
1 6
Theorem (5.33): Page (287)
b g(b)
fu=g(x) wmen[f(g(x))dx= [ f (u)du
a g(a)
Example (5): Page (287)
10 3
Evaluate! mdx.
Solution
10
| 3 dx

2 \/5)(_1

* The integral may be written as iRormulas from (5.4) (2) by using thesubstitution

u=5x-1

du=5dx = :5Ldu =dx

* Wemustchange limits of integration as follows :
at x=2 o u=5(2)-1=9
at x=10 - u=5(10)-1=49
* We proceed as follows :
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4

(o]

10
3
J
2

dx=§
5x -1 S

O ey

1
—=du
Ju

49
=3 (w2 gy
9

Remember that :
r+1

X
_[xrdx—r_l_1

3 yl/2 49
-3 }

*

+C (r#-1)

| 2

=

9

491/2_91/2]= 24|

_6
5

Example (6): Page (288)
7l 4 3
evauate | (1+sin2x)” cos 2x d>
0

Solution
7l 4
[ (1+sin2x)’ cos2x dx
0
* The integral may be written as iRormulas from (5.4) (2) by using thesubstitution

u=1-sn 2x

du =2cos2xdx = ;du =cos 2xdx

* Wemustchange limits of integration as follows :

at x=0 - u=1-sihn2(0)=1
at x=ml4 - u=l+sin2(m/4)=2
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Remember that :

sin0=0 , sin(m/2)=1

*

* We proceed as follows :

7Tl 4 3 171/4
[ (1+sin2x)” cos 2x dx=2_[ us dx
0 1
Remember that :
Xr+1
. j'xrdxzr +1+C (r#-1)
2

_1|u?
2|4 |
=é[24—14]= =

Exercises5.6: 3,11, 21, 27, 35.
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CHAPTER (7)
LOGARITHMIC AND
EXPONENTIAL FUNCTIONS
7.1 INVERSE FUNCTIONS : Page (374)
Definition (7.1) : Page (374)

A function f with domain D andrange R is aone-to-one functionif whenever & # b

nD,the f (@) #f (b) inRr.

Figure 7.1
a
c b
X
f(a)
0 fic)
f(b)
f(x)
R

Definition (7.2) : Page (374)

Let f beone-to-one functionwith domain D andrange R. A function g with domain
R andrange D is theinverse functionof f , provided the following condition is true fc
everyx in D and everyy in R:

y =f (X) if and only if X=g()’)-

Figure 7.3
(1) (ii)

_ f 4 g
L i N S

D D
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Definition (7.3) : Page (375)

Let f be aone-to-one functionwith domain D andrange R. If g is a function with
domain R andrange D, then g is the inverse function off if and only if both of the
following conditions are true :

9 (f (X)) = X forevery x inD.
(ii) f (g (y)) =Y foreveryy in R.

Note : Page (375)

* If a function f has aninverse function g, we often denotey by f -1 :

: -1
Domain and ranges of T _and f (7.4) : Page (375)

domainof f ! = range of f

range of f ™ = domain of f

L - -1 ..
Guidelines for finding f in simple cases (7.5) :

Page (376)

1 Verify that f is aone-to-one function(or that f is increasing or is decreasing
throughout its domain .

2 Solve the equationy = f (X) for every x in terms ofy , obtaining an equation o
the form X = f - (y) :

3 Verify the following two conditions
f(f (x))=x and f(f 7 (x))

for every x in the domain of and f 1 , respectively .

X

—y

Example (1): Page (376)

Let f (X) =3 X =5 . Find the inverse function of f.
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Solution
f (x)=3x-5

* We shall follow thethree guidelines  First , we note that the graph of the linear functioh
is a line of slope3.  Sincef isincreasingthroughout R , f isone-to-one functionand

. : -1 . : :
hence theinverse function f exists . Moreover , since the domain and rarafe f

) -1
are R . the same is true forf .

* As inguideline 2, we consider the equation

y =3X-5
and then solve for x interms of , obtaining
+5
X = y
3
We now let
-1 y +5
f y )=
(v)=""
Since the symbol used for the variable is imnmrate, we may also write
_ X +5
f 7 (x)=
: e -1 _ ;
* We next verify the condition(i) f (f (X)) =X and (ii)

f(f '1(x))=x:

o f 7 (f (x))=f 7*(3x-5) (definitionof f )

_(3X _35) > (definitionof )
=X (simplify )
i £ (F 7 (x))=f (X;’5) (definitionof )
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=3(X;5) (definitionof f )

=X (simplify )
* Thus , byTheorem (7.3), theinverse functionof f is given by
_ X+5
f 7 (x)=
3

Example (2): Page (377)

Let f (X) =X2 —3 for X =0 . Find the inverse function of f.
Solution
f (x)=x*-3 for x=0

* The graph of f is sketched iRigure 7.4.
Figure 7.4

o
St

Y (G e N M L1
S O |

] [ o
K
i ¢
=Y

* Thedomainof f is [O ,00) , and therangeis [—3 ,00) . Sincef isincreasing, itis
one-to-one functionand hence has #nverse function f 1 that hasdomain [—3 ,00)
andrange [O ,00) :

* As inguideline 2, we consider the equation

y =x° -3
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and then solve for x interms of , obtaining

X =%,y +3

Since x is nonnegative , we rejegt = —4/Y +3 and let

f 1 (y):\/y +3 | or, equivalently , f - (X): X+3 .

* Finally , we verify that

(i) f _l(f (X))=X for x in[0,00) and
iy f (f -1 (x))=x for x in[—3,00):
i f _1(f (x)) =f 1 (x2 —3)
[

=vx“=x If x=0
iy f (f -1 (x)) =f (ﬁ)
=(M)Z—3

=(x+3)-3=x if x=-3

* Thus , byTheorem (7.3), theinverse functionof f is given by

f 7 (x)=Vx+3 for x2-3|

Exercise 7.1:No.1, 3, 9.

7.2 THE NATURAL LOGARITHMIC FUNCTION :
Page (381)

Definition (7.9) : Page (382)

The natural logarithmic function, denoted byin , is defined by
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for every X >0 .

X
mx=j3dt
1t

Theorem (7.10):

162
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Figure 7.8

Page (383)




/I I N [N N S

1 1 | (-
|

Theorem (7.11): Page (384)

If U =0 (X) and g isdifferentiable, then

i D, Inu =% D,u if g(x)>0.

(i) Dy In\u\=& D,u if g(x)#0.

X

Example (1): Page (385)
i f (X)=In (X2 -6 ) find ' (X) .
Solution

f(x)=In (x2 —6)

2
* Applying Theorem (7.11)i) , withU = X —6 , we obtain
Remember that :

*

1
D, Inu =y D,u

f' (x)=D,In(x* -6)
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Example (2): Page (385)

ity =Invx +1 ,findd—y.
dx

Solution

y =lnvx +1

* Applying Theorem (7.11)i) , with U =~/X +1 | we obtain
Remember that :

*

1
D, Inu =y D,u

Theorem (7.12): Page (385)

f P >0 andq >0 ,then
oInpg=Inp+inhg .

P
@InN—=Inp-Inqg .
q
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(iii) In pr =r In P for every rational numberr .

ILLUSTRATION :  Page (387)

f (X) f (X) after using laws f! (X)

of logarithms

1 1
In[(x +2)(3x=5)] | In(x +2)+In (3x -5) Xx+2 3x-5
6x+1
(x+2)(3x-5)|

1 1
[ In(x +2)-In (3x -5) X+2  3X=o
3Xx -5 -11
B (x+2)(3x -5)
5 10
In(x2+1) Sm(x2+1) 5. 21 22X = 2X
X +1 X +1

In Vx +1 lIn(x+1) l, 1 1

2 2 x+1 | 2(x+1)

Example (4): Page (387)

i f(x)=|n[ 6x —1(4x+5) ] find T

Solution

=In[VBx-1(4x+5)* |

* We first write VO X + 1 = (6X + 1) and the usdaws of logarithms(i) and (iii) :
—| |: 1/ 2 4 +5 )3]
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)1/2

=In(6x-1)"7 +In (4x + 5)°

Remember that :

np" =rinp , In(pg)=Inp+Ing

*

=%In(6x—1)+3ln (4x +5)

* By Theorem (7.11)
Remember that :

1
*DXInu=JDXu

fr(x)= Lol o 6l+fzt a4

2 6x-1 AX + 5

3 12

= +
6Xx—-1 4x+5

84x +3

(6x -1)(4x +5)|

Example (5): Page (387)

2
X< =1 d
If Yy =|n3,/x2 1 ,findd—z/(.
Solution
2—
y=|n3/X2 1
X +1

* We first usdaws of logarithmsto change the form ofy as follows :

1/3
y =In x% -1
X% +1
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1. (x?-1
=—1|n
3 | x?+1

Remember that :

Inp' =rinp In(Bjﬂnp—lnq

*

q

=%[In (x2 —1)—In(x2 +1)]

* Next we us@heorem (7.11}o obtain ,

Remember that :

1
*DXInu=JDXu

d—yzi( 21 22X — 21 .2xj

dx 3\{x°-1 X +1
_2x(1 1 j

3 x?-1 x%+1
_2X 2

3 (xz—l)(x2+1)

4 X

3(x? -1)(x2+1) |

Guidelines for logarithmic differentiation (7.13) Page (376)

1y = f (X) (given)
(take natural logarithms and simplify)
2Iny =Inf (x) (differentiate implicitly)

3 Dy [Iny]=D,[Inf (x)]  (oyTheorem (7.19)
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1

4 yDXy = Dx I:lnf (X):I (multiply by Y = f (X))

5 D,y =f (x)D, [Inf (x)]

Example (6): Page (388)

(5x-4)°
If y = m , use logarithmic differentiation to find Dx Yy .
Solution
(5x - 4)3

V= N2X +1

* As inguideline 2, we begin by taking the natural logarithm of easide , obtaining
(5x -4)

V2X +1

=In(5x -4)’ =In/2x +1

Remember that :

Iny =1In

Inp" =rlnp , InB=Inp -Ing

q
=3In(5x —4)—%In (2x + 1)

*

* Applying guidelines 3 and 4 , we differentiateimplicitly with respect to x and the use
Theorem (7.8)o obtain

Remember that :

1
D, Inu =J D.u

loxy=(3. L .5)-(3. L .zj
y 5x —4 2 2x +1

*
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25x + 19
(5x —-4)(2x + 1)
* Finally , as inguideline5 , we multiply both sides of the last equation by (that is , by

(5x =4)° 1 V2x + 1) to get

25x +19  (5x—4)°
(5x-4)(2x+1)" J2x +1
(25x +19)( 5x - 4)°

(2X+1)3/2

Exercise 7.2:No.1, 3,7, 15, 21, 23, 25, 31.

D,y =

7.3 THE NATURAL EXPONENTIAL FUNCTION :
Page (392)

Theorem (7.14): Page (392)

To every real number x there corresponds exacthe positive real number y such th
Iny =X

Theorem (7.15): Page (392)

14

The natural exponential function, denoted by EXP X OFf ex, is the inverse of the
natural logarithmic function I[N X

Figure 7.12
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Definition (7.16) : Page (393)

The letter e denotes the positive real number such thhhe =1.

Approximationto e (7.17): Page (393)
e= 2.7182¢

Definition of € (7.18) :  Page (393)

If x is any real number , then

e*=y ifandonlyif Iny =x.

Theorem (7.19): Page (394)

i Ine* =x forevery x .

iye"* =x forevery x>0 .

ILLUSTRATION :  Page (394)
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«Ine® =[5

cneV**l = Ux +1 |,

*eln5 — 5
*elnx/x+1 = Jx +1 |
3In x In x 3 3

Theorem (7.20): Page (394)

If p and g are real numbers and is a rational number , then

+ eP — ' r
nelel =™, i =—=eP ™1, (iii)(ep) =eP

Theorem (7.21): Page (394)

Example (1): Page (395)
it f(x)=x2e* fina f' (x).

Solution
f(x)=x"¢e"
* By theproduct ruleand Theorem (7.21)
Remember that :

D, [f (x)g(x)]=f (x)D,g(x)+g(x) D,f (x)

*

171




1
D, Inu =J D.u

f' (x)=x" (Dxex)+ex (Dxxz)

=x“e* +e* (2x)

*

=| xe* (x+2)|.

Theorem (7.22): Page (395)

If U=4g (X) and g isdifferentiable, then

D.,e" =€'Du .

Example (2): Page (395)

iy =e 1 g dy / dx.

Solution

x2+1

y =€
* By Theorem (7.22)
Remember that :

D.e" =€ D u

*

dy — d e\/X2+1
dx dx
=e\/x2+1 d_(XZ +1)1/2
dx

=gx 4 (%)(xz +1)_1/2 (2x)
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Vx2+1

Xe

VX2 +1

Exercise 7.3:No.1,3,5,7,9,11.

7.4 INTEGRATION : Page (399)
Theorem (7.23): Page (400)

fuU=d (X) #0 and g isdifferentiable, then

jldu=ln\u\+c .
u

Remember that :

Since DB, Ing(x) =

Example (1): Page (400)
X

Evaluatej 3 5 . dx.
X —
Solution
j ZX dx
3x° =5

* The integral may be written as iiheorem (7.23)py using thesubstitution

u=3x°-5
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du=6xdx = édu=xdx

* We proceed as follows :

X dx = 1 1du

I3x2—5 67 u

Remember that :

=In|u|+C

=EHWM+C
6

lIn‘3x2—5‘+C
6

Example (2): Page (400)

|
Evaluate I —— dx.
5> 9—2X
Solution
4
N
5> 9-2X

* The integral may be written as ifiheorem (7.23)py using thesubstitution

u=9-2x

du =-2dx = —;du =dx

* Wemustchange limits of integration as follows :

at x=2 - u=9-2(2)=5
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Remember that :

*

j&du=hﬂw+c
1

=-[in[ul];
1

= L[ j1/-1n/s[]

1
=§{—kﬂ1MHn\5U

Remember that :

P
In| — [=Inp —Inq
(q]
1

—In5 |,
2

*

Another metod :

* We first find theindefinite integral as before

j 1 dx=—1hﬂ9—2A+C
9 -2Xx 2

* Applying thefundamental theorem of calculugields
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T 1 4
g—dx =—2[|n\9—2x\]2

9 —2X
1
=-—(In1-In5)
2
1
=|=In5
2
Example (3): Page (401)
VIn x
Evaluate I dx
X
Solution
VIn x
| dx
X
* The integral may be written as ifiheorem (5.4py using thesubstitution
u=Inx
1
du =—dx
X

* We proceed as follows :

| I)r:xdx=j'u1/2du

Remember that :
r+1

*

jurdx=$+1+cy(r¢—n

u3/2

“(312)"

176



2

3(|n X)3/2

+C

Theorem (7.24): Page (401)

If U=4g (X) and g isdifferentiable, then

je“ du=¢€"+C.

Remember that :
Since B &M= &) g( ) | ther
[e9) g (x) dx=e"M +C

Note : Page (402)
* As a special case ofheorem (7.24) if U = X , then

[eXdx=¢+C
Example (4): Page (402)
Evaluate
eB/ X 2 e3/ X
(a)j 5 dx . (b)j 5 dx .
X 1 X
Solution
3/ x
e
(a) dx
e
* The integral may be written as ifheorem (7.24)y using thesubstitution
3
u=—
X
3 1 1
du=-—dx = -_du=—-dX

X 3 X
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* We proceed as follows :

3/ x
e 1
[—5dx=->[e"du
X 3
Remember that :
|[e"du=¢é"+C
1
=-—¢e" +C
3
1
— __e3/X +C
3
2 .3/x
e
(b) | —5—dx
1 X
* The integral may be written as ifheorem (7.24)y using thesubstitution
3
u=—
X
3 1 1
du=-—dx = -_du=—-dX
X 3 X

* Wemustchange limits of integration as follows :

3
a x=1 5 u=—=3
1
3 3
a x=2 - uUu=—=—
2 2
* We proceed as follows :
2 _3/x 3/2
e 1
[ —5dx=-2 [ €"du
1 X 3 3
Remember that :
|[e"du=¢é"+C
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Note : Page (402)
* \We can show that

a

ILLUSTRATION : Page (403)

. 1
< [e®* dx =| Ze>* +C |,

y 3
«[e™dx=-e™ +C

- _ 1 _
«[e™* dx=|-=e™*+C

y o)
Theorem (7.25): Page (404)

() |
(i) |
(i) |
(iv) |

| tanudu =-In|cosu|+ C.

[ cotudu =In|sinu|+C .

 seaudu = In| sea + tau|+C.

[ cscudu = In| csw + cou|+C .

Example (7):

Page (405)

Evaluatej X cot X2 dx.
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Solution

[ x cot x % dx

* The integral may be written as ifiheorem (7.25)ii) by using thesubstitution

u=Xx

1
du=2xdx = 2du = X dx
* We proceed as follows :

_[xcotx2 dx =;jcotu du

Remember that :

[ cotu du= In| sinu/+C

*

=£In\sinu\+C
2

iIn‘sinx2‘+C
2

Example (8): Page (405)

7l 2 X
Evaluate I tan — dx.

O 2

Solution

7l 2
X
j tan = dx
5 2

* The integral may be written as iiheorem (7.25)i) by using thesubstitution
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du =;dx =  2du =dx

* Wemustchange limits of integration as follows :

a x=0 - u:9:O
2
ata x=ml 2 - u=u=ﬂ
2 4
* We proceed as follows :

7l 2 4

X
[ tan>dx=2 [ tanudu
0 2 0

Remember that :

«|[tanu du=~In|cosy+ C

=-2[In|cosu[]”""
=-2|In

cos,ﬂ—ln\ cosoq
] 4

Remember that :

*

cosO= 1 , cosr /zflzi InE (

J2
= - [In

-inja|
=2[_|n 1

0]

=In (\/15)_2 =In (JE)Z

J2
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Remember that :

“Inp" =rinp
=In2=0.69].
Example (9): Page (406)
Evaluatej X cot x° dx.
Solution

jezx secé” dx

* The integral may be written as ifheorem (7.25)iii) by using thesubstitution

u==e

1
du=2e**dx = 5 du =e’* dx
* We proceed as follows :

jezx sec€* dx =; [ seau du

Remember that :

[ secu du= In secu tani+ C

*

=%In\secu +tanu|+C

+C

%In ‘secezx + tan é*

Example (10): Page (406)

Evaluate_‘- (CSC X— 1)2 dx

Solution
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[ (cscx =1) dx =[ (csc:2 X — 2CC X +1) dx
Remember that :

(a£b)’ = a® + 2ab+ If

*

=jcsc2x dx—2[ csox dx+ | ox

Remember that :

" jcsc2 udu=-cotu C

«|[ escu du= In cscu- cot i+ C

r+1

[ x dx=2——+C (rz-1)
r+1

=|-cot x =2 In|cscx — cotx|+x +C
Exercise 7.4:No 1(a), 3(a), 5(a), 7(a), 15.

7.5 GENERAL  EXPONENTIAL _AND LOGARITHMIC

FUNCTIONS

Page (408)

Definiton of @ _(7.23):  Page (408)

ax =ex Ina'

For every d > O and every real number x.

Remember that :

X
a‘x =eIna — exIna

*

ILLUSTRATION:  Page (408)

. 27T=e7T|n2 - eZ.l8 ~ 838 .
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J3
(%) =eJ§|n(1/2)z e 120 =g 3|

Laws of exponents (7.27) : Page (408)

Let >0 andb >0 . If u and v are any real numbers , then

' =a* (&) =4Y |, (&) =4b,

u
%:a‘“‘v ’ (2) :a_:.
a b b

aU

Theorem (7.28): Page (409)

i D,a* =a*lna. iy D,a" = (a” In a) D.u .

ILLUSTRATION:  Page (409)

+D,3*=[3%In3].

+D,10* =/ 10*In 10|,

D, 3V = (3f|n3)D Ix

(BJ_In 3)(2\/,) Bf\/l;?’ .

» D, 105" =(10%™ |n 10)D. sinx =| (105 In 10} cosx |.
X X

Example (1): Page (410)
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10 2
Find Y' if Y =(X2 +l) +10%°*
Solution
y =(x2 +1)1O +10% ¥

* Using thepower rulefor functions andTheorem (7.28) we obtain
Remember that :

*

r_ r-1
D,u =ru D.,u

*

u _ AU
D,a =a D,u

y’ =10(x2 +1)9 (2x)+(1OX2+1In 10)(2x)

20X [(x2 +1)9 +10°" In 10} |

Theorem (7.29): Page (410)

() I a” dx =(ﬁjax +C . i) _[ a” du =(ﬁ)a” +C

Example (2): Page (410)
Evaluate

(a)I3X dx . (b)_[ x 3% dx .

Solution
(a) Using (i) of Theorem (7.29)ields

[3¥dx= (ijsx +C |.
In 3

Remember that :
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*

jax dxz(ﬁ)ax +C

(b) To Use (ii) of Theorem (7.29) we make theubstitution

u=Xx

du=2xdx = ;du = xdx

and proceed as follows :
[ x 3% dxzij 3Y du
2

Remember that :

Ia”du=(i)a“+c
Ina
=l i 33U +C
2\In3
( L )3X2+c
2ln 3

Definition of Iogax (7.30) :  Page (411)

*

y =log, x if andonly if X

a’ .

Note : Page (411)
* The relationship betweed0J , and In is

log X_Inx
° In a

Theorem (7.31): Page (412)
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ILLUSTRATION :  Page (412)

In X 1
*Dylog, x =D, | — |= — = .
PRk X(InZ] N2 x | (In2)x

1 1 2 X
In2 x2-9

Note : Page (412)
«I1f @ =10 , we obtaircommon logarithm

log,, X =log x |.
If a=e=2.71828 , we obtaimatural logarithm
log, x =Inx|.

Example (4): Page (412)

i f (x)=log %/(2x+5)2 find ' (X ) .

Solution

f (x)=log %/(Zx +5)2
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* We first write | (x)=|0g (2X +5)2/3. The Iaw|OgUr =T Iogu is

)2/3 2/3

true only if U >0 ; however , since(2X +5 =‘ 2X +5‘ , We may

proceed as follows :

f (x)=1log (2x +5)2/3

=log|2x +5°"°
2

=_log|2x+5
5 109] 2x +5]

_2In|2x +5|
"3 In10

* Differentiating yields

| 1
0= 3 10 2x+5 (2

4
3(2x+5)In10|

Example (5): Page (413)

it f(X)=x*anax >0 ,fina D,y .
Solution
y =x"
* We use the method ddgarithmic differentiation.
* In this case we take the natural logarithm of osides of the equatiory = X X :
Iny =Inx”* =xInx
* we differentiate implicitly as follows :

D, (Iny)=D, (xInx)
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1

— D,y =1+Inx
y
D,y =y (L+Inx)
=| x*(L+Inx)|.

Exercise 7.5:No 1,3, 5, 7, 11, 15, 19, 21, 27(b), 29(b), 31.
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CHAPTER (8)

INVERSE TRIGONOMETRIC AND

HYPERBOLIC FUNCTIONS

8.1 INVERSE TRIGONOMETRICFUNCTIONS :

Definition (8.1) :

Page (426)

Page (426)

o= :
Theinverse sine function denotedSIIN ~ | is defined by

y =sin"'x if andonly if x =siny
For =1<x<1and-71/ 2<sy<sml 2.
Figure 8.1 Figure 8.2
AY
= ji}) y = SN X 7_1- -—_‘1' = SI : X
N 2 N “
o R
— ﬂ-'\ T_T ,.‘.‘T\{\)." 1| E .
— 1+ 2 —1 1 *
d
2
ILLUSTRATION:  Page (426)

“If Y =Sin_1£,then8iny =£and—ﬂSy <
2 2 2

Hence

y:

T
6

xf Yy = arcsin(—i)
y 2

T
2

T
2

: 1
,thenSINY = —E and— S VY <
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Hence Y = —

Remember that :

Properties of Siﬂ_1 (8.2):  Page (427)
() sin(sin'lx)=sin(arcsinx)=x if -lsx<1.
i e . T T
G sin™* (sinx) = arcsin( $nx) =x if T, SXS

Remember that :

f(f '1(x))=x ;T (k) =x

*

ILLUSTRATION:  Page (427)
* sin(sin'l ij = é since —1 < l <1.
2 2 2
) /4 T T JT JT
= arcsin| sin— [(=| — | since ——<—<—,
( 4) 4 2 4 2

. .2 o i \/§ | n
* SIN SIn—— | = SIn — =] = .
3 2 3
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Definition (8.3) : Page (427)

Theinverse cosine function denotedCOS_1 , is defined by
y =cos ' x if andonly if x =cosy
For —1<x<1and0<sy<sm/ 2.

Figure 8.3 Figure 8.4
AY

"IT -l
1 - \
= _-—\'H.L_ —_— i Y = ¢o™ ' X
./ .
| e T
e g x

% 1 >
=1 1 X

ILLUSTRATION :  Page (427)

1 1
«1f Y =COS 12,then008y =§and0 <y<T.

H y—ﬂ
enceg Y = |.
3

1 1
*|f 'y =arccos —2 , thenCOSY =—2 and0 <y <77

Hence Y =
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Properties of COS_1 (8.4): Page (428)
() COS( cos’ x) = cof amsx)=x if -ls<xs<1.

iycos* (cosx) = arcce(cosx)=x if

ILLUSTRATION:  Page (428)

_1( 1)
* COS| COS™ | ——
o'

y
( 2 77

» arccos| cos——
3 )

o 7T
+ COS | cog ——
{ { 4 )

|

{24

since —1 <—£<l .
2

27T
since 0 < — < JT.

Definition (8.5) : Page (428)

_1 )
The inverse tangent function or arctangent functiondenotedt@N = , or arctan is

defined by

y =tan

X If

andonly iIf x =tany

Forevery x and—7/T/ 2<y <ml| 2.

Figure 8.5
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O<sx <r1.




y=tanx, —7m/2 < x < n/2

[ AY I
| PP
| | ) tan x =
| |
| |
| | SRR L0 |
| | 2
| 1= |
| |

| ! 1 - F

r | : T X /
B I L
2 | | | 2 T

| e e ~5=T
| | 2
| |
| |
| |
| |

. -1

Properties of tan (8.6):  Page (429)

y = arctan x

() tan (tan'1 x) =tan(arctanx)=x forevery x.

itan~" (tanx) = arctan(tnx) =x if —g<x <7§T'
ILLUSTRATION :  Page (428)
«if y =arctan(-1),tentany =-1 and—]2T< y < 727
Honcd Y = ——
n =1,
ence 4
+ tan (tan'1 1000) =| 1000/ by(8.6)() .
4 T\_| T T T
~tan “|tan— [=| — | since = << .
( 4) 4 2 4 2
« arctan(tan0) = arctan0 =[ 0
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Definition (8.7) : Page (430)

The inverse secat function or arcsecant functiondenoted sec’l ,or alc secC is
defined by

y =se*x ifandonlyif x =sey
For [x|=1 andy in [0,77/ 2)or in [m,3m/ 2).

Figure 8.8 Figure 8.9

LY | AY

y = 8CC X

-

v

i
|
|

|
|
|
I
|
|
|
|
| |
! |
T } 29T
I
l
I
l|
.' |
| |

|
|4
|
I
I
|
|
|
|
!
]
|
|
I
I
|
|
|

Example (3): Page (431)

f =1 < X<1,rewrite COS( sin X) as an algebraic expression in x .

Solution
* Let

y =sin"tx , or ,equivalently , shy =x .

* We wish to expres€0SY intermsof x. Since 7T/ 2 <Yy <71/ 2 ,itfollows
that COSY =0 , and hence

cosy =+1-sh?y =v1-x2 .
* Consequently COS(SII’I_1 X) =\I1—X2 :
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* The last identity can also be geometrically if0 <X <1 . In this case
0< y < 7T/ 2, and we may regardy as the radian measure of an angle of a right

triangle such that SIN Y =X , as illustrated inFigure 8.11.  (The side of length is
found by using thePythagorean theorein.

Remember that :
Pythagorean theoren

c? =a’ +b? = c=+a%+b?
a’ =c? -b? = a=+/c?-b?
b? =c?-a’ = b=+c’-a°

*

(opp)

a (adj)

Figure 8.11

1

y=sin~

X

* Referring to the triangle , we have

_ 1-x°
cos( smlx): oSy =%= 1-x7

Exercise 8.1: No1, 9.

8.2 DERIVATIVES AND INTEGRALS :  Page (426)
Theorem (8.8): Page (434)
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(i) DXSin_lu =\/172 D, u
1-u
iy D, cos™u = - ! = D,u.
1-u
T |
iip Dy tan u_1+u2 D, u
_ 1
1
(iv) D, sec “u = D.u .
’ uvu -1

ILLUSTRATION :  Page (435)

f(x) f(x)

1 3
« sin™ 3x \/1 —~Dx (3x) = — |
—(3x) 1-9x
1 D, Inx = L
* | - = = .
arccos{ Inx) Ji-(nx)? X1 - (In x )
1 2X _ 2e2x
« tan~1 e2X 1+(ezx)2 D,e X — et |

1 D (XZ)_ 2
2 = .
* arcsec(x ) xz\/(xz)z—l X wlx? —1

Theorem (8.9): Page (434)

For a>0
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T
du=sn*—+C .

| 1
0 [ = .

1 1 1 u
in| ———du=—tan - —+C _
(")I 2+ 2 a a

1sec E+C .

Example (2): Page (437)

Evaluate _‘- © dx
/1 _ e4x

Solution

er

dx =| dx

e ey

* The integral may be written as iTheorem (8.9)(i) by letting A = 1 and using the
substitution

u-==e

du =2e?*dx = ;du=e2"dx

* We proceed as follows :

j e’ dx=£j#du
V1 —e** 27 \J1-y?

Remember that :

du-an —+C
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= isin‘1 u+C
2

1 . _
=|=sinte’* +C
2
Example (3): Page (438)
2
X
Evaluatej 6 dx .
5+ X
Solution
X ? X
j —dx = > dx
S5 +X 5 +(x3)

2
* The integral may be written as ifheorem (8.9)(ii) by letting A~ = 5 and using the
substitution

u=Xx

du=3x%dx = édu = x°dx

* We proceed as follows :

2

[ e =]

du
5 +x°

1
(V5) +?

Remember that :

*

j#du = Ltant Y

a2+u2 a a
1 1 -1 U
=—.—tan ~ —+C
35 J5
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\/g -1 X3

—tan - —=+C |

15 J5

Example (4): Page (438)

Evaluate j ! dx .
xvVx* -9

Solution

2
* The integral may be written as iTheorem (8.9)(iii) by lettingd = O and using the
substitution

u=x2

du =2 xdx

1 > dX 1du dx
= —du=x"— = ——=—

2 X 2 U X

* We proceed as follows :
1 1 1
| dx == | du

xvx* =9 27 yu? =32

Remember that :

1
o
Ela|
|
+
@
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Exercise 8.2: Nol, 3, 14, 29(a), 31 (a).

8.3 HYPERBOLIC FUNCTIONS :  Page (440)
Definition (8.10) : Page (440)

The hyperbolic sine function denoted bwginh , and thehyperbolic cosine function denoted by
cosh, are defined by

X —X =X
. e’ —e &+ e
sinhx = and codix =
2 2
for every real number x.
Figure 8.13 Figure 8.14
Ay AY
i B y = cosh x i

.f; -
74 sinh x

e el | | |
1 f 1 g — R i
X

Theorem (8.11): Page (441)

cosh> X+ $nh?x =1 .

Theorem (8.12): Page (442)

sinhx e -~
coshx e*+e*

i tanhx =
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coshx €& + &~
sinhx X -g*

1 2
iy Sechx = = —
coshx e* +e7*

1 2
(iv) CSChX = — = X #£0,
sinhx X —-e™*

(i) cothx = ., X#£0.

Figure 8.18

y = tanh x

—_—— e ——— e — e — — — —

Theorem (8.13): Page (443)
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i 1 —tanh? x = sc h®x . icoth? x —1 = csc h’x .

Theorem (8.14): Page (444)

() D, sinhu =coshu D,u .

(i) D, coshu = sinhu D,u .

iy D, tanhu = sech®u D, u .

@v) D, cothu =-csch®u D, u .

v) D, sechu = - secln tankh D,u .

i) D, cschu = - csclu cotlun D, u .

Example (1): Page (444)
it f (x)=cosh(x2 + 1) ind ' (X ) .
Solution

f (x)=cosh (x2 +1)

* Applying Theorem (8.14)i) , with U = X > +1 , we obtain
Remember that :
D, sinhu =coshu D, u

f' (x)=sinh (x2 +1).DX (x2 +1)

*

= 2xsinh(x2 +1) .

Theorem (8.15): Page (445)

o [ sinhu du =coshu +C .
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(ii) : coshu du =sinhu + C.

(i) _' sectf u du = tanhu + C.

(iv) : csch? u du = —cothu + C.
v [ sechu tantu du=- sech+C.
v [ cschu cothu du=-csch+C.

Example (3): Page (445)
2 o 3
Evaluate j X< sinh x~ dx.

Solution
I x? sinhx® dx

* The integral may be written as ifheorem (8.15)i) by using thesubstitution

u=x°>

du=3x%dx = édu=x2dx
* We proceed as follows :
. 1 .
sz sinh x° dx =§j sinhu du

Remember that :

j sinhu du = coshu+ C

*

= lcosh u+C
3

%coshx3 +C

Exercise 8.3: N03, 5, 7, 13, 14, 17, 21, 27, 41.
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8.4 INVERSE HYPERBOLIC FUNCTIONS :  Page (447)

Theorem (8.16): Page (448)

i sinh™ x =In (x +/x? +1) .

(ii)COSh_lx=|n(X+\/X2—1), Xx=1.
(m)tanh x——Inl—X, ‘X‘<1.
—X
2
_ +1-
(iv)sechlx=ln1 L=X  0<x<1.
X
Theorem (8.17): Page (449)
(i)DXSinh_lu =+Dxu.
us +1
1 1
iy Dycoh "u=———Du, u>1
2
us -1
I |
iy D, tanh u-l_uz D.u \u\<1
i D, seh tu = L bu., 0<u<1
iv = ,
" uv1-u?

Example (1): Page (449)
ity =sinh™ (tanx) ,nady / dx .
Solution

y =sinh™ (tanx)
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* Using Theorem (8.14)i) with U =tan X , we have

Remember that :

= 1
«|D, sinh™u=-—~—— D,u
2
Ju‘ +1
d 1
y = tan X
dx Jtan? x +1 dX
1
= sec X
Vsec& x
= 'secx|” =[[secx]].
'secx|
Theorem (8.18): Page (450)
1 . . -1 u
(i)_‘- du =sinh™®=+C , a>0.
a” +u’ a
1 1 u
(i | du=cosh*=+C . O0<a<u.
u?-a° a
1 1 1 u
(iii)jﬁdu ="tanh™ — +C , \u\<a,
a“ —u a a
1 1 _q U
W | du=——sech1u+C , 0<|ul<a.
uva® -u? 2! 2!
Example (2): Page (438)
1
Evaluate_‘- dx .
J25 + 92
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1 dx 1

I\/25+9x2 - \/25+(3x)2 >

: : 2 _ :
* The integral may be written as iTheorem (8.18)(i) by lettingd = 25 and using the
substitution

u=3X

du=2dx = ;du=dx

* We proceed as follows :

1

j dx=lj ! du
J25 + 9x 2 37 {52 +y?

Remember that :

*

j ! du=sinh*%+c  a>o0
a’ +u? a

=L sinht Y 4c
3 5

E sinh™t 3—X+C |
3 5

Example (3): Page (451)

ex
Evaluatej 5% dx .
16 —e

Solution
e” "
dx = d
I16 _eZX X Il6—(ex)2 X
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. 2 _ :
* The integral may be written as iftheorem (8.18)iii) by lettingd = 16 and using the
substitution

u=e

du =e” dx

* We proceed as follows :

e” 1
'[16 X dx =| 22— 2

Remember that :

*

j#du =L tanht Y4 | u>a
a® -u’ a a

=1 tanht Y +C
4 4

X
ltanh'1 © iC
4 4

for |U|<a (hatis & <4).
Exercise 8.4: No3, 5, 7, 13, 14.
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Examples
Week Date Sec. Topics/ Items eftiothe | Homework
1 25- || e
29/10/1434H
2 2-6/11/1434H | 1.2 | Functions: Exercises
Definition (1.10) : Page (14) 1.2: Page 23,
Example No. 7-10, 12, 14
Notes (1) : Page (16) s4, 8.
Page 24No. 19,
Note (2): Page (17) and 50
Example (3): Page (17)
Note (3): Page (18)
Example (4): Page (18)
Notes (4) : Page (18)
Notes (5): Page (20)
Notes (6) : Page (20)
Example (5): Page (20)
Definition (1.11) : Page (21)
Notes (7): Page (21)
Example (6): Page (21)
Example (7): Page (22)
Notes (8): Page (22)
Example (8): Page (22)
ILLUSTRATION : Page (23)
3 9-
13/11/1434H
1.3 | Trigonometry: Exercises
; ; ; . 2.1
The trigonometric functions (1.16): Page (29
21 — — ge (29 10,14,25,44,
Definition (1.17) : Page (30)
Notes (9) : Special values of thetrigonometric 46.
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functions (1.18) : Page (31)

Graphs of the trigonometric functions :Page (34)

I ntroduction to Limits:

2.1 INTRODUCTION TO LIMITS : Page (40)
Limits of a function (2.1) : Page (41)

Example (1): Page (44)
Example (2): Page (44)
Example (3): Page (45)
Limits of a function (2.2) : Page (46)

Theorem (2.3): Page (46)
Example (6): Page (47)
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